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SUPER INSTANTON COUNTING AND LOCALIZATION
TARO KIMURA AND VASILY PESTUN
Abstract. We study the super instanton solution in the gauge theory with U(n+|n−)
gauge group. Based on the ADHM construction generalized to the supergroup theory, we
derive the instanton partition function from the super instanton moduli space through the
equivariant localization. We derive the Seiberg–Witten geometry and its quantization for
the supergroup gauge theory from the instanton partition function, and study the connection
with classical and quantum integrable systems. We also argue the brane realization of the
supergroup quiver gauge theory, and possible connection to the non-supergroup quiver gauge
theories.
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1. Introduction
Supergroup and superalgebra provide a natural framework to describe supersymmetric
quantum field theories, involving both bosonic and fermionic symmetries [1–3]. They are typ-
ically used for the global symmetries of quantum field theories, however one may utilize them
for the local gauge symmetry. It has been known that the supergroup gauge theory becomes
inevitably non-unitary due to violation of spin-statistics theorem, therefore it has not been
seriously thought of as a physically important system. Even with such a difficulty, studying
the supergroup gauge theory seems quite important to understand the profound structure of
quantum field theories. Actually recent studies on the supergroup gauge theory elucidate its
interesting properties, e.g., D-brane realization [4–7], non-unitary holography [8], supergroup
Chern–Simons theory [9], dynamical space-time signature change [10].
In this paper, we study the anti-selfdual Yang–Mills connection in the supergroup gauge
theory, that we call the super instanton, and non-perturbative aspects of supersymmetric
gauge theory originating from the super instanton. The instanton has a systematic con-
struction, a.k.a., the Atiyah–Drinfeld–Hitchin–Manin (ADHM) construction [11]. We first
generalize the ADHM construction to the supergroup gauge theory, and define the corre-
sponding moduli space of the super instanton defined with the ADHM variables. We show
that two instanton numbers, k+ and k−, are necessary to characterize the super instanton
because the vector space K = Ck is replaced with the graded one K = Ck+|k− in the ADHM
construction for the supergroup gauge theory. The physical instanton charge is given by
k = sdimCK = k+ − k−. Here the minus sign for negative instanton comes from using
strF ∧F to define the topological charge. Hence these instanton numbers are actually inter-
preted as the topological charges for positive and negative instantons. We remark that the
negative instanton is an anti-selfdual configuration with a negative topological charge, while
the anti-instanton is a selfdual configuration with a negative charge.
We then derive the instanton partition function from the super instanton moduli space
through the equivariant localization. We obtain the super-analog of the Losev–Moore-
Nekrasov–Shatashvili (LMNS) integral formula [12, 13], and also the Nekrasov-type com-
binatorial formula [14, 15] for the instanton partition function. We use this partition func-
tion to derive the Seiberg–Witten geometry describing the Coulomb branch of the moduli
space of the vacua for 4d N = 2 supergroup gauge theory [16, 17]. It has been pointed out
that 4d N = 2 supergroup gauge theory is equivalent to the non-supergroup gauge theory
with a specific matter content [10]. However, we have to be careful about this point, in
particular, if turning on the equivariant parameters for the space-time rotation denoted by
(q1, q2) = (e
ǫ1, eǫ2) ∈ U(1)2 ⊂ SO(4). We show that a proper assignment of the equivariant
parameters is necessary for the supergroup gauge theory, and the Seiberg–Witten geometry
with generic equivariant parameters is described by the qq-character, which is the double
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quantum deformation of the character of representations associated with quiver, in a similar
manner to the non-supergroup gauge theory [18–27].
For 4d N = 2 gauge theory, there is a geometric correspondence between its Coulomb
branch and the phase space of the classical integrable system [28–31], which is further pro-
moted to the quantum integrable system through the equivariant deformation of the gauge
theory, a.k.a., the Bethe/Gauge correspondence [32–34]. We study such a geometric corre-
spondence to the algebraic integrable systems for the supergroup gauge theory, and discuss
possible implications for those. We also discuss the brane construction of 4d N = 2 super-
group quiver gauge theory, and provide another argument to describe the supergroup gauge
theory in terms of the non-supergroup gauge theory.
The remaining part of this paper is organized as follows: In Sec. 2, we start with the ADHM
construction for U(n) gauge theory, and then generalize to the U(n+|n−) supergroup gauge
theory by replacing the vector spaces appearing in the construction with the graded ones. In
Sec. 3, we derive the instanton partition function based on the ADHM construction for the
supergroup gauge theory through the equivariant localization. We derive both the LMNS-
type integral formula and the Nekrasov-type combinatorial formula of the partition function
from the super instanton counting. In Sec. 4, we discuss the Seiberg–Witten geometry and
its quantization from the super instanton partition function. We show that the argument
becomes essentially parallel with the non-supergroup gauge theory by replacing polynomial
functions with rational functions for the supergroup gauge theory. In Sec. 5 we discuss the
Bethe/Gauge correspondence for the supergroup gauge theory. We study the asymptotics
of the instanton partition function in the Nekrasov–Shatashvili (NS) limit q2 → 1 (ǫ2 → 0).
The resultant saddle point equation turns out to be equivalent to the Bethe equation of the
corresponding quantum integrable system. We provide a possible interpretation of the Bethe
equation obtained from the supergroup gauge theory. In Sec. 6, we discuss the Hanany–
Witten-type brane construction of 4d N = 2 supergroup quiver gauge theory together with
the negative brane. We show the connection to the non-supergroup gauge theory through
the gauging/Higgsing procedure. In Sec. 7, we provide another argument to describe the
supergroup gauge theory in terms of the non-supergroup theory through the decoupling trick.
In Sec. 8, we conclude with possible future directions.
Acknowledgements. We would like to thank Misha Bershtein, Heng-Yu Chen, Norton
Lee, and Nikita Nekrasov for correspondence and comments. TK is grateful to Insitute
des Hautes E´tudes Scientifiques for kind hospitality where a part of this work was carried
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(No. JP17K18090), the MEXT-Supported Program for the Strategic Research Foundation
at Private Universities “Topological Science” (No. S1511006), JSPS Grant-in-Aid for Scien-
tific Research on Innovative Areas “Topological Materials Science” (No. JP15H05855), and
“Discrete Geometric Analysis for Materials Design” (No. JP17H06462). The research on
this project has received funding from the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 research and innovation program (QUASIFT grant agreement
677368).
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2. ADHM construction
The ADHM construction is a systematic method to construct the instanton configuration
on spacetime R4 compactified to S4 [11]. Let S denote the spacetime R4 ≃ C2. In this
Section, we first review the construction with the ordinary non-supergroup theory. Then we
discuss a generalization to the supergroup gauge theory.
2.1. U(n) theory. Let K and N be the vector spaces, K = Ck and N = Cn. The k-
instanton configuration for U(n) gauge theory is constructed with the ADHM matrices,
B1,2 ∈ Hom(K,K), I ∈ Hom(N,K), J ∈ Hom(K,N), obeying the ADHM equations
µR = 0 , µC = 0 , (2.1)
where the moment maps (µR, µC) are
µR := [B1, B
†
1] + [B2, B
†
2] + II
† − J†J , (2.2a)
µC := [B1, B2] + IJ , (2.2b)
modulo U(k) action of the form
(v) · (B1, B2, I, J) = (vB1v−1, vB2v−1, vI, Jv−1) (2.3)
for v ∈ U(k). The resulting ADHM moduli space also receives the induced action of U(n)
from
(ν) · (B1, B2, I, J) = (B1, B2, Iν, νJ) (2.4)
for ν ∈ U(n).
Let (z1, z2) ∈ S = C2 be the spacetime coordinate. We define the Dirac operator D† :
K ⊗ S ⊕N → K ⊗ S as
D† =
(
B1 − z1 B2 − z2 I
−B†2 + z¯2 B†1 − z¯1 −J†
)
(2.5)
Due to the ADHM equation (2.1), we have D†D : K ⊗ S → K ⊗ S
D†D = ∆⊗ IdS (2.6)
where ∆ : K → K behaves ∆ ∼ |z|2 as z →∞. We consider the normalized zero modes Ψ
in the kernel of the Dirac operator Ψ ∈ KerD†, so that D†Ψ = 0 and the normalization of
the zero mode Ψ : N → K ⊗ S ⊕N is fixed Ψ†Ψ = IdN .
We remark that
ΨΨ† = IdK⊗S⊕N −D 1
∆
D† =: P (2.7)
is a projector from K ⊗S ⊕N onto N with P 2 = P . Then the connection constructed with
the Dirac zero mode
A = Ψ†dΨ (2.8)
is anti-selfdual, and the Yang–Mills action is evaluated using Osborn’s formula [35] as follows:
− 1
16π2
∫
d4x trN FµνF
µν =
1
16π2
∫
d4x ∂2∂2 trK log∆
−1 = k > 0 , (2.9)
which proves the ADHM construction gives the k-instanton anti-selfdual configuration for
U(n) gauge theory. We remark that a selfdual configuration, not defined by the presented
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ADHM construction, gives rise to a negative instanton number k < 0, while the anti-selfdual
solution gives k > 0.
2.2. U(n+|n−) theory. The ADHM construction is a consequence of the Nahm transfor-
mation, which is a correspondence between k-instanton solution in U(n) gauge theory on a
four-torus T 4 and n-instanton solution in U(k) gauge theory on the dual torus Tˇ 4. Taking the
large radii limit of the torus, we obtain the four-dimensional U(n) instanton on C2 and the
zero-dimensional ADHM equation, respectively. From this point of view, to preserve Nahm
duality in the supergroup case, it is natural to allow graded (k+|k−)-instanton configuration
for U(n+|n−) gauge theory.
We define the graded vector spaces
K = Cn+|n− = K+ ⊕K− , N = Cn+|n− = N+ ⊕N− , (2.10)
where
Kσ = Ckσ , Nσ = Cnσ for σ = ± . (2.11)
Then the remaining process is totally parallel with the previous case: Define the ADHM
variables
B1,2 ∈ Hom(K,K) , I ∈ Hom(N,K) , J ∈ Hom(K,N) . (2.12)
Here, since K and N are defined as (2.10), these variables are represented as supermatrices,
whose diagonal blocks consist of commuting variables, and off-diagonal ones consist of anti-
commuting (Graßmann) variables.
We impose the ADHM equations (2.1) with the same moment maps (2.2). In this case, we
have supergroup transformations, U(k+|k−) and U(n+|n−), acting on the ADHM variables,
(v, ν) · (B1, B2, I, J) = (vB1v−1, vB2v−1, vIν, ν−1Jv−1) (2.13)
for v ∈ U(k+|k−), ν ∈ U(n+|n−). We define formally the same Dirac operator (2.5), and
consider the connection constructed from the zero mode Ψ as (2.8). The connection A =
Ψ†dΨ, which is anti-selfdual, transforms under the supergroup U(n+|n−), and the Yang–Mills
action is again evaluated using Osborn’s formula [35]
− 1
16π2
∫
d4x strN FµνF
µν =
1
16π2
∫
d4x ∂2∂2 strK log∆
−1 = k+ − k− =: k , (2.14)
which shows that (k+|k−)-instanton configuration has a topological charge k = k+ − k−,
implying the k±-sectors describe k+ positive and k− negative instantons, respectively. Notice
that the Killing form in the usual definition of the topological charge has been replaced by
the Killing form for the super Lie algebra given by the supertrace operator str.
We emphasize that one can consider an anti-selfdual configuration having a negative in-
stanton number k < 0, which is possible only with the supergroup structure. A similar
argument for the vortex system associated with the supergroup is found in [36].
3. Instanton counting with supergroups
In this Section, we perform the instanton counting to obtain the partition function for
supergroup gauge theory. We show several consistent approaches: The first is the direct
integration over the ADHM quiver, which yields the LMNS-type contour integral formula.
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The second is the equivariant localization with the sheaves on the ADHM moduli space. The
contribution to the partition function is localized on the fixed point under the equivariant
action, and each fixed point corresponds to each pole in the contour integral formula. The
third focuses on the instanton partition function, and show the combinatorial formula in
terms of the partition characterizing the fixed point.
3.1. Integrating over ADHM moduli space.
3.1.1. U(n) theory. Let Mn,k be the ADHM moduli space for k-instanton sector in U(n)
gauge theory, which is described by the ADHM variables (B1, B2, I, J) satisfying the ADHM
equations (2.1),
Mn,k = {(B1, B2, I, J) | µR = µC = 0} /U(k) . (3.1)
The moduli space naively defined here has singularity, and thus a proper regularization is nec-
essary to apply the equivariant localization: With the stability condition, K = C[B1, B2]I,
the regularized moduli space is given as follows,
M˜n,k = {(B1, B2, I, J) | µC = 0} //GL(k,C) (3.2)
which is equivalent to the moduli space of the noncommutative instanton Mζn,k = {µR =
ζ>0 IdK , µC = 0}/U(k). The equivariant actions on the ADHM variables are
(v, ν) · (B1, B2, I, J) = (vB1v−1, vB2v−1, vIν−1, νJv−1) (3.3)
for v ∈ GL(k,C) and ν ∈ GL(n,C), and
(q1, q2) · (B1, B2, I, J) = (q1B1, q2B2, I, qJ) (3.4)
where (q1, q2) = (e
ǫ1, eǫ2) ∈ C××C× is the Cartan element of GL(2,C) group associated with
the spacetime rotation, and we define q := q1q2. Thus the fixed point under the equivariant
torus action is given by
q1B1 = vB1v
−1 , q2B2 = vB2v
−1 , Iν = vI , qν−1J = Jv−1 . (3.5)
Let v = eφ, ν = ea where φ ∈ Lie(GL(k)), a = diag(a1, . . . , an) ∈ Lie(GL(n)) with I =⊕n
α=1 Iα, J =
⊕n
α=1 Jα, then the infinitesimal analog is
[φ,B1] = ǫ1B1 , [φ,B2] = ǫ2B2 , aαIα = φIα , (aα − ǫ+)Jα = Jαφ , (3.6)
Namely, Iα (Jα) is the right (left) eigenvector of φ. One can show that
φ
(
Bs1−11 B
s2−1
2 Iα
)
= (aα + (s1 − 1)ǫ1 + (s2 − 1)ǫ2)
(
Bs1−11 B
s2−1
2 Iα
)
, (3.7a)(
JαB
s1−1
1 B
s2−1
2
)
φ = (aα − s1ǫ1 − s2ǫ2)
(
JαB
s1−1
1 B
s2−1
2
)
(3.7b)
for α = 1, . . . , n and s1, s2 = 1, 2, . . . ,∞. The order of multiplication of B1,2 does not
matter in the eigenvectors because JαIα = 0 at the fixed point. Since φ is k-dimensional,
the eigenvector (3.7a) becomes trivial for sufficiently large s1, s2, which implies the stability
condition
K =
n⊕
α=1
C[B1, B2]Iα = C[B1, B2]I . (3.8)
Here we only focus on the right eigenvector of φ, but the left eigenvector will also play a role
for supergroup theory, as discussed later.
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The instanton partition function for 4d N = 2 pure gauge theory is obtained by the
equivariant integral over the ADHM moduli space
Z4d =
∑
k
qk Z4dk with Z
4d
k =
∫
M˜n,k
1 . (3.9)
Here the instanton fugacity q = exp (2πιτ) is defined with the complexified coupling constant
τ =
θ
2π
+ ι
4π
g2
(3.10)
where θ is the θ-angle, and g2 is the Yang–Mills coupling. We also define the imaginary
unit ι =
√−1. We instead consider the K-theoretic 5d partition function, which is given
by an integral over GL(k) in terms of the Cartan elements (va)a=1...k with the Vandermonde
determinant as a Jacobian,
Jacobian:
k∏
a6=b
(
1− va
vb
)
. (3.11)
The ADHM constraint leads to a similar factor in the integrand (See, for example, [37])
ADHM:
k∏
a,b
(
1− q va
vb
)
= (1− q)k
k∏
a6=b
(
1− q va
vb
)
. (3.12)
The contributions of the ADHM variables are correspondingly given by
B1,2 :
k∏
a,b
(
1− q1,2 va
vb
)−1
= (1− q1,2)−k
k∏
a6=b
(
1− q1,2 va
vb
)−1
(3.13a)
I :
k∏
a=1
n∏
α=1
(
1− να
va
)−1
(3.13b)
J :
k∏
a=1
n∏
α=1
(
1− q va
να
)−1
(3.13c)
where (να)a=1...n are the Cartan elements of GL(n). The K-theoretic 5d partition function
is then given by a contour integral:
Z5dk =
1
k!
(
1− q
(1− q1)(1− q2)
)k ∮ k∏
a=1
dva
2πιva
k∏
a6=b
(1− va/vb)(1− qva/vb)
(1− q1va/vb)(1− q2va/vb)
×
k∏
a=1
n∏
α=1
1
(1− να/va)(1− qva/να)
=:
∮ k∏
a=1
dva
2πιva
z5dn,k(v, ν) (3.14)
where the factor k! is the size of GL(k) Weyl group, and we put ι =
√−1. We define
z5dn,k(v, ν) =
1
k!
(
1− q
(1− q1)(1− q2)
)k k∏
a6=b
S
(
va
vb
)−1 k∏
a=1
n∏
α=1
1
(1− να/va)(1− qva/να) (3.15)
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with the S-factor
S(x) =
(1− q1x)(1− q2x)
(1− x)(1− qx) , (3.16)
which obeys
S(x−1) = S(q−1x) . (3.17)
We remark that all the variables, (q1,2, va, να) = (e
ǫ1,2 , eφa , eaα), take a value in C× in the
K-theoretic partition function, while (ǫ1,2, φa, aα) are C-variables used in the 4d partition
function in the following.
In the 4d limit, the contour integral (3.14) is reduced to the LMNS integral [12, 13]
Z4dk =
1
k!
(
ǫ+
ǫ1ǫ2
)k ∮ k∏
a=1
dφa
2πι
k∏
a<b
φ2ab(φ
2
ab − ǫ2+)
(φ2ab − ǫ21)(φ2ab − ǫ22)
k∏
a=1
n∏
α=1
1
(φa − aα)(φa − aα + ǫ+)
=:
∮ k∏
a=1
dφa
2πι
z4dn,k(φ, a) (3.18)
with
z4dn,k(φ, ν) =
1
k!
(
ǫ+
ǫ1ǫ2
)k k∏
a<b
φ2ab(φ
2
ab − ǫ2+)
(φ2ab − ǫ21)(φ2ab − ǫ22)
k∏
a=1
n∏
a=1
1
(φa − aa)(φa − aa + ǫ+) (3.19)
where we define ǫ+ = ǫ1 + ǫ2 and φab = φa − φb. The S-factor (3.16) is reduced in the 4d
limit as
S(x) −→ (x+ ǫ1)(x+ ǫ2)
x(x+ ǫ+)
. (3.20)
How to pick up proper poles and evaluate the residues in the contour integral (3.18) is
explained as follows: First, we rewrite the integral with the ordering,
1
k!
∮ k∏
a=1
dφa
2πι
−→
∮
dφk
2πι
· · ·
∮
dφ2
2πι
∮
dφ1
2πι
(3.21)
Then the first variable φ1 picks up the pole at φ1 = aα, and the following ones are recursively
determined as
φa = aβ(6=α) , φb(<a) + ǫ1 , φb(<a) + ǫ2 . (3.22)
Namely, we take the poles at
φa = aα , φa = φb + ǫ1 , φa = φb + ǫ2 . (3.23)
In the end, the poles are parametrized using the n-tuple Young diagram (λα)α=1,...,n, where
each box s = (s1, s2) ∈ λα corresponds to the pole at
φa = aα + (s1 − 1)ǫ1 + (s2 − 1)ǫ2 . (3.24)
Remark that this coincides with the eigenvalue of φ shown in (3.7a). Evaluating the residues
of such poles, we obtain the combinatorial expression of gauge theory partition function [14,
15, 38].
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3.1.2. U(n+|n−) theory. We generalize the previous argument to the case with supergroup
symmetry. In this case, the resolved ADHM moduli space is given as a supergroup quotient:
M˜n+|n−,k+|k− = {(B1, B2, I, J) | µC = 0} //GL(k+|k−) . (3.25)
The equivariant action to these ADHM variables are given by
(v, ν) · (B1, B2, I, J) = (vB1v−1, vB2v−1, vIν−1, νJv−1) (3.26)
for v ∈ GL(k+|k−) and ν ∈ GL(n+|n−), and
(q1, q2) · (B1, B2, I, J) = (q1B1, q2B2, I, qJ) (3.27)
as before. Thus the fixed point equation is also the same as (3.5). Recalling that, in this
case, the vector space K consists of the positive and negative parts (2.10), we use the left
and right eigenvectors (3.7) to span them, yielding the stability condition,
K+ =
n+⊕
α=1
C[B1, B2] I
+
α = C[B1, B2] I
+ , K− =
n−⊕
α=1
J−α C[B1, B2] = J
−
C[B1, B2] . (3.28)
where we define
I = I+ ⊕ I− , J = J+ ⊕ J− (3.29)
and
Iσ =
nσ⊕
α=1
Iσα , J
σ =
nσ⊕
α=1
Jσα , (3.30)
for σ = ±. We remark Iσα , Jσα ∈ K,K∨ with JσαIσα = 0 for σ = ±, α = 1, . . . , nσ at the fixed
point, so that I− = J+ = 0.
The partition function is obtained by replacing all the contributions with their super
analogs. Let (vσa )σ=±,a=1...kσ and (ν
σ
a )σ=±,a=1...nσ be the Cartan elements of GL(k+|k−) and
GL(n+|n−). The Vandermonde determinant is replaced with the Cauchy determinant
Jacobian:
k+∏
a6=b
(
1− v
+
a
v+b
) k−∏
a6=b
(
1− v
−
a
v−b
) k+∏
a=1
k−∏
b=1
(
1− v
+
a
v−b
)−1(
1− v
−
b
v+a
)−1
, (3.31)
and the ADHM constraint gives rise to
ADHM: (1− q)k++k−
k+∏
a6=b
(
1− q v
+
a
v+b
) k−∏
a6=b
(
1− q v
−
a
v−b
) k+∏
a=1
k−∏
b=1
(
1− q v
+
a
v−b
)−1(
1− q v
−
b
v+a
)−1
.
(3.32)
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The ADHM variables contribute as follows:
B1,2 : (1− q1,2)−k+−k−
∏
σ=±
kσ∏
a6=b
(
1− q1,2v
σ
a
vσb
)−1 k+∏
a=1
k−∏
b=1
(
1− q1,2 v
+
a
v−b
)(
1− q1,2 v
−
b
v+a
)
(3.33a)
I :
∏
σ=±
kσ∏
a=1
nσ∏
α=1
(
1− ν
σ
α
vσa
)−1 k+∏
a=1
n−∏
α=1
(
1− ν
−
α
v+a
) k−∏
a=1
n+∏
α=1
(
1− ν
+
α
v−a
)
(3.33b)
J :
∏
σ=±
kσ∏
a=1
nσ∏
α=1
(
1− q v
σ
a
νσα
)−1 k+∏
a=1
n−∏
α=1
(
1− q v
+
a
ν−α
) k−∏
a=1
n+∏
α=1
(
1− q v
−
a
ν+α
)
(3.33c)
Thus the K-theoretic 5d instanton partition function is given as
Z5d =
∑
k+,k−
qk+−k−Z5dk+|k− (3.34)
with a super analog of (3.14)
Z5dk+|k− =
∮ ∏
σ=±
[
kσ∏
a=1
dvσa
2πιvσa
z5dnσ ,kσ(v
σ, νσ)
]
×
k+∏
a=1
k−∏
b=1
S
(
v+a
v−b
)
S
(
v−b
v+a
) k+∏
a=1
n−∏
α=1
(
1− ν
−
α
v+a
)(
1− q v
+
a
ν−α
) k−∏
a=1
n+∏
α=1
(
1− ν
+
α
v−a
)(
1− q v
−
a
ν+α
)
.
(3.35)
This contour integral formula looks almost the same as the Â1 quiver gauge theory involving
U(n+) and U(n−) vector multiplets with k+,− instantons and the bifundamental hypermul-
tiplet [10, 39]. However, the pole structure is actually different as explained in the following.
In the 4d limit, the contour integral (3.35) is reduced to a super analog of the LMNS
formula,
Z4dk+|k− =
∮ ∏
σ=±
[
kσ∏
a=1
dφσa
2πι
z4dnσ,kσ(φ
σ, aσ)
]
k+∏
a=1
k−∏
b=1
(φ+−2ab − ǫ21)(φ+−2ab − ǫ22)
φ+−2ab (φ
+−2
ab − ǫ2+)
×
k+∏
a=1
n−∏
α=1
(φ+a − a−α )(φ+a − a−α + ǫ+)
k−∏
a=1
n+∏
α=1
(φ−a − a+α )(φ−a − a+α + ǫ+) (3.36)
where we define φσσ
′
ab = φ
σ
a − φσ′b . In this case, there are two sets of the integral variables
(φσa)a=1,...,kσ for σ = ±, and thus the poles are labeled by n+-tuple and n−-tuple partitions
(λσα)α=1,...,nσ as follows:
φ+a = a
+
α + (s1 − 1)ǫ1 + (s2 − 1)ǫ2 for (s1, s2) ∈ λ+α (3.37a)
φ−a′ = a
−
α′ − s1ǫ1 − s2ǫ2 for (s1, s2) ∈ λ−α′ (3.37b)
which coincide with the eigenvalues of (3.7). Namely, the v+-variables pick up the poles at
(3.23), while the poles for the v−-variables take the other options:
φ−a = a
−
α − ǫ+ , φ−a = φ−b − ǫ1 , φ−a = φ−b − ǫ2 (3.38)
In other words, the direction of contours of the v−-variables are opposite to that of the v+-
variables. In addition, there are poles also at φ+a = φ
−
b and φ
+
a = φ
−
b ± ǫ+ in the integrand,
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however, due to the factors φ+a − a−α , φ+a − φ−b ± ǫ1,2, etc, in the numerator, such a pole does
not contribute to the integral.
3.1.3. Non-unitarity and analytic continuation. The supergroup partition function (3.34)
is a double infinite series over the positive and negative instanton numbers, k+ and k−.
Therefore it should be interpreted as a formal Laurent series because it contains both positive
and negative powers of the coupling constant q. This unbounded behavior of the partition
function seems closely related to non-unitarity of the supergroup gauge theory: The Yang–
Mills action for the supergroup theory is defined with the supertrace,
SYM = − 1
16π2
∫
d4x strFµνF
µν = − 1
16π2
∫
d4x
(
trF (+)µν F
(+)µν − trF (−)µν F (−)µν
)
(3.39)
where F (±) is the field strength for the positive and negative nodes, respectively. Therefore
the action is not bounded in particular due to the negative node whose contribution is
opposite to the positive one.
A similar situation is found in the U(n+|n−) supermatrix model [40–42], where the parti-
tion function is given by
Z =
∫
dX e− str V (X) . (3.40)
Here X is a size (n+|n−) supermatrix whose positive and negative diagonal parts are X(±)
with the potential function V (x). In this case, the exponential part str V (X) = trV (X(+))−
trV (X(−)) is interpreted as the action, which is not bounded due to the same reason, so that
the supermatrix model is a non-unitary model.
Such a non-unitary supermatrix model is obtained from a physical matrix model. Consider
a two-cut matrix model associated with the symmetry breaking U(n+ + n−) → U(n+) ×
U(n−). Then the U(n+|n−) supermatrix model is obtained from this two-cut model through
the analytic continuation n− → −n− [43–45]. We can apply this analytic continuation
argument to the supergroup gauge theory partition function. Actually the pole structure
of the contour integral (3.37) suggests that the equivariant parameters are converted ǫ1,2 →
−ǫ1,2 for the negative node. Recalling the gauge theory partition function, which is a random
partition model, can be regarded as a discrete version of the size N matrix model under
the identification ǫ1,2 ∝ N−1 [46], the analytic continuation N → −N corresponding to
converting the equivariant parameters ǫ1,2 → −ǫ1,2. From this point of view, the supergroup
gauge theory could make sense as the analytic continuation of the unitary gauge theory. See
also Sec. 7.
3.1.4. Bion-like configuration. Since the topological charge of (k+|k−)-instanton is given by
k = k+−k−, as shown in (2.14), it is natural to rewrite the partition function as a summation
over the topological charge
Z =
∑
k∈Z
qk Zk (3.41)
where
Zk =
∑
k+−k−= k
Zk+|k− . (3.42)
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For example, regarding the topologically trivial sector k = 0, we should incorporate infinitely
many non-trivial contributions
Zk=0 =
∞∑
k=0
Zk|k . (3.43)
From this point of view, (k|k)-instanton plays a role as the bion-like configuration, which
contributes to the zero topological charge sector.
We remark that this zero charge sector is not as the ordinary bion contribution: the
bion configuration, in a usual sense, consists of instantons and anti-instantons [47, 48]. See
also [49]. The latter contribution should be anti-holomorphic, so that k-bion configuration,
namely k instantons and k anti-instantons, behaves as qkq¯k = |q|2k =
(
e
− 8pi
2
g2
)2k
due to
(3.10). Hence the bion gives rise to the non-perturbative contribution to the partition func-
tion even though it is topologically trivial. The negative instanton, on the other hand, is
counted as q−k−, instead of q¯k−. Therefore the (k|k)-instanton contributes to the topologi-
cally trivial q0 sector in the partition function.
3.2. Equivariant localization. The partition function discussed in Sec. 3.1 was given as
a contour integral, which ends up with a discrete sum over the residues. Each factor is also
derived from the equivariant localization, interpreted as a contribution of a fixed point in the
ADHM moduli space under the equivariant action. Here we apply the localization analysis
to the ADHM moduli space with supergroup equivariant action.
We here consider generic quiver gauge theory. Let Γ be a quiver, consisting of nodes
i ∈ Γ0 = {nodes} and edges e ∈ Γ1 = {edges}, so that Γ = (Γ0,Γ1). For each node,
we assign super gauge group U(ni,+|ni,−). We define instanton and framing bundles over
the instanton moduli space evaluated at the fixed point for each node of quiver, K = (Ki)
and N = (Ni) for i ∈ Γ0. Since these bundles are associated with the supergroups, the
corresponding supercharacters are given by supertraces,
schKi = chK
+
i − chK−i , (3.44a)
schNi = chN
+
i − chN−i . (3.44b)
where each part is given by
chNσi =
ni,σ∑
α=1
νσi,α , (3.45)
chK+i =
ni,+∑
α=1
∑
(s1,s2)∈λ
+
i,α
ν+i,αq
s1−1
1 q
s2−1
2 , chK
−
i =
ni,−∑
α=1
∑
(s1,s2)∈λ
−
i,α
ν−i,αq
−s1
1 q
−s2
2 . (3.46)
We remark that the Chern roots of (Kσi ) are determined by the fixed point condition under
the equivariant action, corresponding to the possible poles shown in (3.37). Thus (K±i ) plays
a role as the dual of (K∓i ) as
chK±i [(ν
±
i,α)] = chK
∓∨
i [(ν
±∨
i,α q)] . (3.47)
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We define the dynamical x-variables characterizing the instanton configuration1
X σi =
{
xσi,α,k = ν
σ
i,αq
σλσi,α,k
2 q
σ(k−1)
1 , α = 1, . . . , ni,σ, k = 1, . . . ,∞
}
, X σ =
⊔
i∈Γ0
X σi . (3.49a)
X˚ σi =
{
xσi,α,k = ν
σ
i,αq
σ(k−1)
1 , α = 1, . . . , ni,σ, k = 1, . . . ,∞
}
, X˚ σ =
⊔
i∈Γ0
X˚ σi , (3.49b)
and
X = X+ ⊔ X− , X˚ = X˚+ ⊔ X˚− . (3.50)
Namely the equivariant parameters for the positive node are (q1, q2) and (q
−1
1 , q
−1
2 ) for the
negative node. Therefore the universal sheaf supercharacter is accordingly obtained as
schYi = schNi − ch∧Q schKi
=: chY+i − chY−i (3.51)
with
chYσi = (1− qσ1 )Xi,σ (3.52)
where we define
ch∧Q = (1− q1)(1− q2) (3.53)
and
Xi,σ =
∑
x∈Xσi
x , X∨i,σ =
∑
x∈Xσi
x−1 . (3.54)
3.2.1. Vector multiplet. The vector multiplet supercharacter is given using the universal
sheaf
schVi =
schY∨i schYi
ch∧Q =:
∑
σ,σ′=±
σσ′ chVi,σσ′ (3.55)
with
chVi,++ =
1− q−11
1− q2 X
∨
i,+Xi,+ , chVi,+− = q
−1 1− q−11
1− q−12
X∨i,+Xi,− , (3.56a)
chVi,−+ =
1− q1
1− q2X
∨
i,−Xi,+ , chVi,−− =
1− q−11
1− q2 X
∨
i,−Xi,− . (3.56b)
We have to regularize, in particular, chVi,++ and chVi,−−, by removing the diagonal con-
tributions to avoid the zero mode:
chVi,σσ =
1− q−11
1− q2
∑
(x,x′)∈Xσi ×X
σ
i
x
x′
reg−→ 1− q
−1
1
1− q2
∑
x 6=x′
x
x′
. (3.57)
1The pole structure (3.37b) suggests to shift the Coulomb moduli for the negative node, ν−i,α → ν−i,αq−1,
which leads to the shift of x-variables,
(x−i,α,k, x˚
−
i,α,k) −→ (qx−i,α,k, qx˚−i,α,k) . (3.48)
We will use the shifted x−-variables in the later Section.
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The corresponding contribution to the full partition function is obtained by applying the
index functor: Given a character chX =
∑
X x, we apply the Dolbeault index,
I [X] =
∏
x∈X
(
1− x−1) (3.58)
which obeys the reflection
I [X∨] = (−1)rkX (detX) I [X] . (3.59)
Thus the vector multiplet contribution is given by
Zveci = I [Vi] =
∏
σ,σ′=±
Zveci,σσ′ (3.60)
where
Zveci,++ =
∏
(x,x′)∈X+i ×X
+
i
x 6=x′
(qx/x′; q2)∞
(q2x/x′; q2)∞
, Zveci,+− =
∏
(x,x′)∈X+i ×X
−
i
(qq1x/x
′; q2)∞
(qx/x′; q2)∞
, (3.61a)
Zveci,−+ =
∏
(x,x′)∈X−i ×X
+
i
(q2x/x
′; q2)∞
(q−11 q2x/x
′; q2)∞
, Zveci,−− =
∏
(x,x′)∈X−i ×X
−
i
x 6=x′
(qx/x′; q2)∞
(q2x/x′; q2)∞
, (3.61b)
with the q-shifted factorial (q-Pochhammer) symbol
(z; q)n =
n−1∏
k=0
(
1− zqk) . (3.62)
We also use the symbol Zveci [X ] in order to specify the instanton configuration. Due to the
sign factor, the off-diagonal factors X+i × X−i and X−i × X+i contribute as bifundamental
matters, which is consistent with the analysis in Sec. 3.1.
Similarly we obtain the partition function for 6d gauge theory on R4 × T 2 by replacing
the index (3.58) with the elliptic class [24]:
Ip [X] =
∏
x∈X
θ(x−1; p) (3.63)
obeying the same reflection formula (3.59), where the Jacobi theta function is defined
θ(x; p) = (x; p)∞(px
−1; p)∞ . (3.64)
The elliptic nome is defined as p = exp (2πιτ) with the modulus parameter τ of the torus
T 2, and we put ι =
√−1. In this case, the full partition function is concisely expressed using
the elliptic gamma function
Γ(z; p, q) =
∞∏
n,m=0
1− pn+1qn+1z−1
1− pnqnz . (3.65)
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Hence we have
Zveci,++ =
∏
(x,x′)∈X+i ×X
+
i
x 6=x′
Γ(q2x/x
′; p, q2)
Γ(qx/x′; p, q2)
, Zveci,+− =
∏
(x,x′)∈X+i ×X
−
i
Γ(qx/x′; p, q2)
Γ(qq1x/x′; p, q2)
, (3.66a)
Zveci,−+ =
∏
(x,x′)∈X−i ×X
+
i
Γ(q−11 q2x/x
′; p, q2)
Γ(q2x/x′; p, q2)
, Zveci,−− =
∏
(x,x′)∈X−i ×X
−
i
x 6=x′
Γ(q2x/x
′; p, q2)
Γ(qx/x′; p, q2)
. (3.66b)
3.2.2. Bifundamental hypermultiplet. The bifundamental hypermultiplet contribution is sim-
ilarly obtained
schHe:i→j = − chMe schY
∨
i schYj
ch∧Q =:
∑
σ,σ′=±
σσ′ chHe:i→j,σσ′ (3.67)
where
chHe:i→j,++ = −µe1− q
−1
1
1− q2 X
∨
i,+Xj,+ , chHe:i→j,++ = −µeq−1
1− q−11
1− q−12
X∨i,+Xj,− , (3.68a)
chHe:i→j,−+ = −µe1− q1
1− q2X
∨
i,−Xj,+ , chHe:i→j,−− = −µe
1− q−11
1− q2 X
∨
i,−Xj,− . (3.68b)
Thus the full partition function contribution is
Zbfe:i→j = I [He:i→j] =
∏
σ,σ′=±
Zbfe:i→j,σσ′ (3.69)
where for 5d theory
Zbfe:i→j,++ =
∏
(x,x′)∈X+i ×X
+
j
(µ−1e q2x/x
′; q2)∞
(µ−1e qx/x
′; q2)∞
, Zbfe:i→j,+− =
∏
(x,x′)∈X+i ×X
−
j
(µ−1e qx/x
′; q2)∞
(µ−1e qq1x/x
′; q2)∞
,
(3.70a)
Zbfe:i→j,−+ =
∏
(x,x′)∈X−i ×X
+
j
(µ−1e q
−1
1 q2x/x
′; q2)∞
(µ−1e q2x/x
′; q2)∞
, Zbfe:i→j,−− =
∏
(x,x′)∈X−i ×X
−
j
(µ−1e q2x/x
′; q2)∞
(µ−1e qx/x
′; q2)∞
,
(3.70b)
and for 6d theory
Zbfe:i→j,++ =
∏
(x,x′)∈X+i ×X
+
j
Γ(µ−1e qx/x
′; p, q2)
Γ(µ−1e q2x/x
′; p, q2)
, Zbfe:i→j,+− =
∏
(x,x′)∈X+i ×X
−
j
Γ(µ−1e qq1x/x
′; p, q2)
Γ(µ−1e qx/x
′; p, q2)
,
(3.71a)
Zbfe:i→j,−+ =
∏
(x,x′)∈X−i ×X
+
j
Γ(µ−1e q2x/x
′; p, q2)
Γ(µ−1e q
−1
1 q2x/x
′; p, q2)
, Zbfe:i→j,−− =
∏
(x,x′)∈X−i ×X
−
j
Γ(µ−1e qx/x
′; p, q2)
Γ(µ−1e q2x/x
′; p, q2)
.
(3.71b)
In this case, the off-diagonal factors behave like the vector multiplet with the opposite sign
to the ordinary bifundamental hypermultiplet contribution.
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3.2.3. Fundamental hypermultiplet. The fundamental and antifundamental hypermultiplet
contribution is obtained as follows:
schHfi = −
schY∨i schMi
ch∧Q =:
∑
σ,σ′=±
σσ′ chHfi,σσ′ , (3.72a)
schHafi = −
sch M˜∨i schYi
ch∧Q =:
∑
σ,σ′=±
σσ′ chHafi,σσ′ (3.72b)
where each contribution is given by
chHfi,+σ = −
q−1
1 − q−12
X∨i,+Mi,σ , chH
f
i,−σ = −
1
1− q2X
∨
i,+Mi,σ , (3.73a)
chHafi,σ+ = −
q−1
1 − q2 M˜
∨
i,σXi,+ , chH
af
i,σ− = −
q−1
1− q−12
M˜∨i,σXi,− . (3.73b)
The characters associated with the flavor symmetry are
schMi =Mi,+ −Mi,− , sch M˜i = M˜i,+ − M˜i,− (3.74)
where
Mi,σ =
∑
µ∈Mσi
µ , M∨i,σ =
∑
µ∈Mσi
µ−1 , M˜i,σ =
∑
µ∈M˜σi
µ , M˜∨i,σ =
∑
µ∈M˜σi
µ−1 (3.75)
with
Mσi = {µσi,f , f = 1, . . . , nfi,σ} , M˜σi = {µ˜σi,f , f = 1, . . . , nafi,σ} . (3.76)
The full partition function contribution is given by
Z
(a)f
i = I
[
H
(a)f
i
]
=
∏
σ,σ′=±
Z
(a)f
i,σσ′ (3.77)
where for 5d theory
Z fi,+σ =
∏
(x,µ)∈X+i ×M
σ
i
(
q
x
µ
; q2
)−σ
∞
, Z fi,−σ =
∏
(x,µ)∈X−i ×M
σ
i
(
q2
x
µ
; q2
)−σ
∞
, (3.78a)
Zafi,+σ =
∏
(x,µ)∈X+i ×M˜
σ
i
(
qq2
µ
x
; q2
)σ
∞
, Zafi,−σ =
∏
(x,µ)∈X−i ×M˜
σ
i
(
q
µ
x
; q2
)σ
∞
, (3.78b)
and for 6d theory
Z fi,+σ =
∏
(x,µ)∈X+i ×M
σ
i
Γ
(
q
x
µ
; p, q2
)σ
, Z fi,−σ =
∏
(x,µ)∈X−i ×M
σ
i
Γ
(
q2
x
µ
; p, q2
)σ
, (3.79a)
Zafi,+σ =
∏
(x,µ)∈X+i ×M˜
σ
i
Γ
(
qq2
µ
x
; p, q2
)−σ
, Zafi,−σ =
∏
(x,µ)∈X−i ×M˜
σ
i
Γ
(
q
µ
x
; p, q2
)−σ
. (3.79b)
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3.2.4. Topological term. The topological term in the partition function counts the instanton
number, which is given as the size of the partition:
Ztopi = q
|λ+i |−|λ
−
i |
i (3.80)
where we define
qi = exp (2πιτi) (3.81)
for i ∈ Γ0, similarly to (3.10). In terms of the x-variables, it is given by
|λσi | =
ni,σ∑
α=1
∞∑
k=1
logqσ
2
xσi,α,k
x˚σi,α,k
, (3.82)
where the variable (˚xσi,α,k) corresponds to the empty configuration λ
σ
i = ∅ defined in (3.49b).
Since (3.81), the topological contribution (3.80) is
Ztopi = exp
(
2πιτi
ǫ2
∑
σ=±
ni,σ∑
α=1
∞∑
k=1
log
xσi,α,k
x˚σi,α,k
)
. (3.83)
In addition, one can consider the Chern–Simons term in 5d gauge theory. It is labeled
by the integer, called the Chern–Simons level, assigned to each node, (κσi )i∈Γ0,σ=±. The
contribution to the partition function is given by
Zcsi =
∏
σ=±
Zcsi,σ (3.84)
with
Zcsi,σ = (detK
σ
i )
σκσi =

ni,+∏
α=1
∏
s∈λ+i,α
(
ν+i,αq
s1−1
1 q
s2−1
2
)κ+i (σ = +)
ni,−∏
α=1
∏
s∈λ−i,α
(
ν−i,αq
−s1
1 q
−s2
2
)−κ−i (σ = −) (3.85)
3.3. Instanton partition function. Instead of the full partition function, involving infinite
products for the perturbative contribution, we consider the instanton partition function,
which is a combinatorial finite product over the partition.
From the full vector multiplet character (3.55), we obtain the instanton contribution
schVinsti = − schN∨i schKi − q−1 schK∨i schNi + chQ∨ schK∨i schKi
=:
∑
σ,σ′=±
σσ′ chVinsti,σσ′ (3.86)
where
chVinsti,σσ′ = − chNσ∨i chKσ
′
i − q−1 chKσ∨i chNσ
′
i + chQ
∨ chKσ∨i chK
σ′
i . (3.87)
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Similarly, the instanton part for the bifundamental and (anti)fundamental hypermultiplets
is obtained from the full contribution (3.67) and (3.72),
schHbf,inste:i→j =
∑
σ,σ′=±
σσ′ chHbf,inste:i→j,σσ′ , (3.88a)
schH
(a)f,inst
i =
∑
σ,σ′=±
σσ′ chH
(a)f,inst
i,σσ′ (3.88b)
where
chHbf,inste:i→j,σσ′ = µe:i→j
(
chNσ∨i chK
σ′
j + q
−1 chKσ∨i chN
σ′
j − chQ∨ chKσ∨i chKσ
′
j
)
, (3.89)
and
chHf,insti,σσ′ = q
−1 chKσ∨i Mi,σ′ , (3.90a)
chHaf,insti,σσ′ = M˜
∨
i,σ chK
σ′
i . (3.90b)
3.3.1. Perturbative part. The perturbative contribution for the vector multiplet is given as
the remaining term in (3.55), which is independent of the instanton configuration,
sch V˚i := schVi − schVinsti =
schN∨i schNi
ch∧Q . (3.91)
Thus the corresponding perturbative part of the 5d partition function is given by
Z˚veci =
∏
σ,σ′=±
Z˚veci,σσ′ (3.92)
where each contribution is given by
Z˚veci,σσ′ =
ni,σ∏
α=1
ni,σ′∏
β=1
∞∏
k,k′=1
(
1− ν
σ
i,α
νσ
′
i,β
qk1q
k′
2
)σσ′
(3.93)
for the region |q1|, |q2| < 1. This double infinite product should be properly regularized: We
define a q-analog of the double gamma (Barnes) function,
Γ2(z; q1, q2) =

∞∏
k,k′=0
(1− zqk1qk
′
2 )
−1 (|z|, |q1|, |q2| < 1)
∞∏
k,k′=0
(1− zq−k−11 qk
′
2 ) (|z| < 1, |q1| > 1, |q2| < 1)
∞∏
k,k′=0
(1− zq−k−11 q−k
′−1
2 )
−1 (|z| < 1, |q1|, |q2| > 1)
(3.94)
For the region |z| > 1, we use the reflection formula
Γ2(z
−1; q1, q2) = Γ(z
−1; q1, q2)Γ2(qz; q1, q2) (3.95)
where q = q1q2, and Γ(z, q1, q2) is the elliptic gamma function (3.65). Thus, in particular, if
|q1| > 1, |q2| < 1, and |νσi,α/νσ′i,β| < 1, the diagonal contribution at σ = σ′ of the perturbative
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contribution (3.93) becomes
Z˚veci,σσ =
ni,σ∏
α<β
Γ2
(
q
νσi,α
νσi,β
; q1, q2
)−1
Γ2
(
νσi,α
νσi,β
; q1, q2
)−1
(3.96)
which is consistent with the convention of [50].
The perturbative part for 6d theory is given by
Z˚veci,σσ =
ni,σ∏
α=1
ni,σ′∏
β=1
∞∏
k,k′=1
θ
(
νσi,α
νσ
′
i,β
qk1q
k′
2 ; p
)σσ′
. (3.97)
The diagonal part is written as follows:
Z˚veci,σσ =
ni,σ∏
α<β
Γ2
(
q
νσi,α
νσi,β
; q1, q2, p
)
Γ2
(
νσi,α
νσi,β
; q1, q2, p
)
(3.98)
where the elliptic double gamma function is defined as [51]
Γ2(z; q1, q2, q3) =
∞∏
i,j,k=0
(
1− zqi1qj2qk3
) (
1− z−1qi+11 qj+12 qk+13
)
= exp
(
−
∑
n 6=0
zn
n(1− qn1 )(1− qn2 )(1− qn3 )
)
. (3.99)
Similarly the perturbative contributions of the hypermultiplets are obtained from (3.67)
and (3.72) as
sch H˚bfe:i→j = − chMe
schN∨i schNj
ch∧Q (3.100a)
sch H˚fi = −
schN∨i schMi
ch∧Q (3.100b)
sch H˚afi = −
sch M˜∨i schNi
ch∧Q (3.100c)
Hence the perturbative parts of the partition function are
Z˚bfe:i→j =
∏
σ,σ′=±
Z˚bfe:i→j,σσ′ , Z˚
f
i =
∏
σ,σ′=±
Z˚ fi,σσ′ , Z˚
af
i =
∏
σ,σ′=±
Z˚afi,σσ′ (3.101)
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where
Z˚bfe:i→j,σσ′ =
ni,σ∏
α=1
nj,σ′∏
β=1
∞∏
k,k′=1
(
1− µ−1e
νσi,α
νσ
′
j,β
qk1q
k′
2
)−σσ′
=
ni,σ∏
α=1
nj,σ′∏
β=1
Γ2
(
µ−1e
νσi,α
νσ
′
j,β
; q1, q2
)σσ′
(3.102a)
Z˚ fi,σσ′ =
ni,σ∏
α=1
nf
i,σ′∏
f=1
∞∏
k,k′=1
(
1− ν
σ
i,α
µσ
′
i,f
qk1q
k′
2
)−σσ′
=
ni,σ∏
α=1
nf
i,σ′∏
f=1
Γ2
(
νσi,α
µσ
′
i,f
; q1, q2
)σσ′
(3.102b)
Z˚afi,σσ′ =
ni,σ∏
α=1
naf
i,σ′∏
f=1
∞∏
k,k′=1
(
1− µ˜
σ′
i,f
νσi,α
qk1q
k′
2
)−σσ′
=
ni,σ∏
α=1
naf
i,σ′∏
f=1
Γ2
(
µ˜σ
′
i,f
νσi,α
; q1, q2
)σσ′
(3.102c)
The 6d perturbative partition function is similarly formulated using the elliptic double
gamma function (3.99).
3.3.2. Instanton part. The instanton part of the partition function is given by the index with
the corresponding supercharacter (3.86),
Zvec,insti = I[V
inst
i ] =
∏
σ,σ′=±
Zvec,insti,σσ′ . (3.103)
Applying the combinatorial formula shown in Appendix A, we obtain the diagonal parts of
the vector multiplet contribution,
Zvec,insti,++ =
ni,+∏
α,β
Zvecdiag(ν+i,α, ν+i,β;λ+i,α, λ+i,β) , (3.104a)
Zvec,insti,−− =
ni,−∏
α,β
Zvecdiag(ν−i,α, ν−i,β;λ−i,β, λ−i,α) (3.104b)
where the combinatorial factor is given by
Zvecdiag(ν, ν ′;λα, λβ) =
∏
s∈λα
(
1− ν
ν ′
q
−ℓβ(s)
1 q
aα(s)+1
2
)−1 ∏
s∈λβ
(
1− ν
ν ′
q
ℓα(s)+1
1 q
−aβ(s)
2
)−1
(3.105)
with the arm and leg lengths defined in (A.5). The off-diagonal contributions are
Zvec,insti,σσ′ =
ni,σ∏
α=1
ni,σ′∏
β=1
Zvecσσ′(νσi,α, νσ
′
i,β;λ
σ
i,α, λ
σ′
i,β) (3.106)
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for σ 6= σ′, where
Zvec+−(ν, ν ′;λα, λβ) =
λTα,1∏
s1=1
λβ,1∏
s′2=1
(
1− ν
ν ′
q
λT
β,s′
2
+s1
1 q
λα,s1+s
′
2
2
)−1 (
1− ν
ν ′
qs11 q
s′2
2
)
×
∏
s∈λα
(
1− ν
ν ′
qs11 q
λβ,1+s2
2
) ∏
s′∈λβ
(
1− ν
ν ′
q
λTα,1+s
′
1
1 q
s′
2
2
)
(3.107a)
Zvec−+(ν, ν ′;λα, λβ) =
λTα,1∏
s1=1
λβ,1∏
s′
2
=1
(
1− ν
ν ′
q
−λT
β,s′
2
−s1+1
1 q
−λα,s1−s
′
2+1
2
)−1 (
1− ν
ν ′
q−s1+11 q
−s2+1
2
)
×
∏
s∈λα
(
1− ν
ν ′
q−s1+11 q
−λβ,1−s2+1
2
) ∏
s′∈λβ
(
1− ν
ν ′
q
−λTα,1−s
′
1
+1
1 q
−s′
2
+1
2
)
(3.107b)
The number of factors appearing in Zσσ′ is as follows: |λα|+ |λβ| factors in the denominator
of Z++ and Z−−, |λα| + |λβ| + λTα,1 + λβ,1 factors in the numerator, λTα,1 + λβ,1 factors in
the denominator of Z+− and Z−+, so that the numbers of factors in the numerator and the
denominator are balanced in total.
We remark that the diagonal contribution is given by the well-known combinatorial formula
using the arm and leg lengths of the partition. The off-diagonal contributions are still finite
products written in terms of the partition, but do not have a compact formula similar to the
diagonal ones. This situation is similar to the BCD instanton partition function, involving
φa + φb in the contour integral [37, 52].
The bifundamental hypermultiplet contribution is similarly given as follows:
Zbf,inste:i→j = I[H
bf,inst
e:i→j ] =
∏
σ,σ′=±
Zbf,inste:i→j,σσ′ (3.108)
where
Zbf,inste:i→j,++ =
n+i,α∏
α=1
n+j,β∏
β=1
Zbfdiag(ν+i,α, ν+j,β, µe:i→j;λ+i,α, λ+j,β) (3.109a)
Zbf,inste:i→j,−− =
n−i,α∏
α=1
n−j,β∏
β=1
Zbfdiag(ν−i,α, ν−j,β, µe:i→j;λ−j,β, λ−i,α) (3.109b)
Zbf,inste:i→j,σσ′ =
nσi,α∏
α=1
nσ
′
j,β∏
β=1
Zbfσσ′(νσi,α, νσ
′
j,β, µe:i→j;λ
σ
i,α, λ
σ′
j,β) for σ 6= σ′ (3.109c)
with
Zbfdiag(ν, ν ′, µ;λα, λβ) =
∏
s∈λα
(
1− µ−1 ν
ν ′
q
−ℓβ(s)
1 q
aα(s)+1
2
) ∏
s∈λβ
(
1− µ−1 ν
ν ′
q
ℓα(s)+1
1 q
−aβ(s)
2
)
(3.110a)
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Zbf+−(ν, ν ′, µ;λα, λβ) =
λTα,1∏
s1=1
λβ,1∏
s′
2
=1
(
1− µ−1 ν
ν ′
q
λT
β,s′
2
+s1
1 q
λα,s1+s
′
2
2
)(
1− µ−1 ν
ν ′
qs11 q
s′
2
2
)−1
×
∏
s∈λα
(
1− µ−1 ν
ν ′
qs11 q
λβ,1+s2
2
)−1 ∏
s′∈λβ
(
1− µ−1 ν
ν ′
q
λTα,1+s
′
1
1 q
s′2
2
)−1
(3.110b)
Zbf−+(ν, ν ′, µ;λα, λβ) =
λTα,1∏
s1=1
λβ,1∏
s′
2
=1
(
1− µ−1 ν
ν ′
q
−λT
β,s′
2
−s1+1
1 q
−λα,s1−s
′
2
+1
2
)(
1− µ−1 ν
ν ′
q−s1+11 q
−s2+1
2
)−1
×
∏
s∈λα
(
1− µ−1 ν
ν ′
q−s1+11 q
−λβ,1−s2+1
2
)−1 ∏
s′∈λβ
(
1− µ−1 ν
ν ′
q
−λTα,1−s
′
1
+1
1 q
−s′2+1
2
)−1
(3.110c)
We remark that the total numbers of the factors appearing in the numerator and the de-
nominator are balanced as well as the vector multiplet.
The (anti)fundamental hypermultiplet contribution to the instanton partition function is
given by
Z
(a)f,inst
i = I[H
(a)f,inst
i ] =
∏
σ,σ′=±
Z
(a)f,inst
i,σσ′ (3.111)
where
Z f,insti,+σ′ =
ni,+∏
α=1
nf
i,σ′∏
f=1
∏
s∈λ+i,α
(
1− ν
+
i,α
µσ
′
i,f
qs11 q
s2
2
)σ′
(3.112a)
Z f,insti,−σ′ =
ni,−∏
α=1
nf
i,σ′∏
f=1
∏
s∈λ−i,α
(
1− ν
−
i,α
µσ
′
i,f
q−s1+11 q
−s2+1
2
)−σ′
(3.112b)
Zaf,insti,+σ′ =
ni,+∏
α=1
naf
i,σ′∏
f=1
∏
s∈λ+i,α
(
1− µ˜
σ′
i,f
ν+i,α
q−s1+11 q
−s2+1
2
)σ′
(3.112c)
Zaf,insti,−σ′ =
ni,−∏
α=1
naf
i,σ′∏
f=1
∏
s∈λ−i,α
(
1− µ˜
σ′
i,f
ν−i,α
qs11 q
s2
2
)−σ′
(3.112d)
4. Seiberg–Witten geometry and its quantization
Seiberg–Witten theory is algebraic geometric description of the Coulomb branch of the
vacua in 4d N = 2 gauge theory [16, 17]. Such a geometry is actually reproduced from the
instanton partition function in the classical limit ǫ1,2 → 0 (q1,2 → 1) [14]. Afterwards it has
been pointed out that the equivariant parameter ǫ1,2 is not just for regularization, but plays
a role as a quantum deformation parameter. For generic ǫ1,2, the Seiberg–Witten geometry
is described by the qq-character, which is a two-parameter deformation of the character
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associated with a quiver [18]. In this Section, we consider the instanton-adding/removing
operation with the supergroup quiver gauge theory, and derive the qq-character thereof.
We show that the polynomiality of the qq-character is replaced with the rationality in the
supergroup case.
4.1. Y-function. We define the Y-function, which is a building block for the qq-character.
Given a Chern character chX =
∑
X x, the associated Y-function is defined as
Yi,X = I [X
∨Yi] =
∏
x∈X
∏
σ=±
∏
x′∈Xσi
(
1− x/x′
1− q−σ1 x/x′
)σ
, (4.1)
Y
∨
i,X = I [Y
∨
i X] =
∏
x∈X
∏
σ=±
∏
x′∈Xσi
(
1− x′/x
1− qσ1x′/x
)σ
, (4.2)
which are interpreted as ratios of the positive and negative Y-functions:
Yi,X =
Y+i,X
Y−i,X
, Y∨i,X =
Y+∨i,X
Y−∨i,X
(4.3)
with
Yσi,X =
∏
x∈X
∏
x′∈Xσi
1− x/x′
1− q−σ1 x/x′
, Yσ∨i,X =
∏
x∈X
∏
x′∈Xσi
1− x′/x
1− qσ1x′/x
. (4.4)
We also use the symbol Yσi,X [X ] to explicitly specify the instanton configuration. The Yσ-
function and its dual, Yσi,X and Y
σ∨
i,X , have the same zeros at x = x
′ and the same poles at
x = qσ1x
′ for x′ ∈ X σi , so that they are identical up to a factor depending on the gauge group
rank [34]. We remark that there are no distinction between Yi,X and Y
∨
i,X in the 4d limit.
Although we have shown the infinite product formula for the Y-function, it also has the
finite product formula. For simplicity, we consider a single variable X = {x}. Then it is
given as follows:
Y
+
i,x[X ] =
ni,+∏
α=1
(1− x
ν+i,α
) ∏
s∈λi,α
S
(
x
ν+i,αq
s1
1 q
s2
2
) (4.5)
Y
+∨
i,x [X ] =
ni,+∏
α=1
(1− ν+i,α
x
) ∏
s∈λi,α
S
(
ν+i,αq
s1−1
1 q
s2−1
2
x
) (4.6)
Y
−
i,x[X ] =
ni,−∏
α=1
(1− x
ν−i,α
) ∏
s∈λi,α
S
(
x
ν−i,αq
−s1+1
1 q
−s2+1
2
) (4.7)
Y
−∨
i,x [X ] =
ni,−∏
α=1
(1− ν−i,α
x
) ∏
s∈λi,α
S
(
ν−i,αq
−s1
1 q
−s2
2
x
) (4.8)
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with the S-factor (3.16). The asymptotic behavior of these functions is given by
Yσi,x −→
{
1 (x→ 0)
(−x)ni,σ/νσi (x→∞)
(4.9)
Yσ∨i,x −→
{
νσi /(−x)ni,σ (x→ 0)
1 (x→∞) (4.10)
where we remark x ∈ C× and define
νσi =
ni,σ∏
α=1
νσi,α . (4.11)
Due to the reflection formula (3.17), the Yσ-function and its dual are converted to each
other:
Yσ∨i,x =
(−1)ni,σνσi
xni,σ
Yσi,x . (4.12)
Since the Y-function is given as a ratio of the Yσ-functions (4.3), its dual is given by
Y∨i,x = (−1)ni,+−ni,−
ν+i
ν−i
x−ni,++ni,− Yi,x . (4.13)
Thus, if ni,+ = ni,−, these two become equivalent to each other up to the constant,
Y∨i,x =
ν+i
ν−i
Yi,x for ni,+ = ni,− . (4.14)
We remark that, imposing the condition
ν+i
ν−i
= 1 , (4.15)
the supergroup U(ni,+|ni,−) becomes SU(ni,+|ni,−). Therefore, in this case, we have
Y∨i,x = (−x)−ni,++ni,− Yi,x
ni,+=ni,−−→ Yi,x . (4.16)
4.2. iWeyl reflection. We study behavior of the partition function by adding/removing an
instanton. The partition shift gives rise to the shift of the x-variables depending on σ = ±
as follows:
λσi,α,k −→ λσi,α,k + 1 =⇒ xσi,α,k −→ qσ2xσi,α,k =
{
q2x
+
i,α,k (σ = +)
q−12 x
−
i,α,k (σ = −)
(4.17a)
λσi,α,k −→ λσi,α,k − 1 =⇒ xσi,α,k −→ q−σ2 xσi,α,k =
{
q−12 x
+
i,α,k (σ = +)
q2x
−
i,α,k (σ = −)
(4.17b)
This behavior under the shift suggests that adding/removing an instanton for the positive
node σ = + is equivalent to removing/adding an instanton for the negative node σ = −.
Hence the plus (σ = +) sector and the minus (σ = −) sector describe the positive and
negative instanton configuration.
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Define the configuration obtained by adding/removing an instanton
Xad:(i,α,k,σ) =
(X\{xσi,α,k}) ⊔ {qσ2xσi,α,k} , Xrm:(i,α,k,σ) = (X\{xσi,α,k}) ⊔ {q−σ2 xσi,α,k} . (4.18)
The vector multiplet partition function (together with the topological term) behaves as
Zveci [Xad:(i,α,k,+)]
Zveci [X ]
= −qi
Y−i,qx[X ]Y−∨i,x [X ]
Y+i,qx[Xad]Y+∨i,x [X ]
= −qi 1
Yi,qx[Xad]Y∨i,x[X ]
(4.19a)
Zveci [Xad:(i,α,k,−)]
Zveci [X ]
= −q−1i
Y+i,x[X ]Y+∨i,q−1x[X ]
Y−i,x[X ]Y−∨i,q−1x[Xad]
= −q−1i Yi,x[X ]Y∨i,q−1x[Xad] (4.19b)
Zveci [Xrm:(i,α,k,+)]
Zveci [X ]
= −q−1i
Y+i,q1x[X ]Y+∨i,q−1
2
x
[Xrm]
Y−i,q1x[X ]Y−∨i,q−1
2
x
[X ] = −q
−1
i Yi,q1x[X ]Y∨i,q−1
2
x
[Xrm] (4.19c)
Zveci [Xrm:(i,α,k,−)]
Zveci [X ]
= −qi
Y−i,q2x[Xrm]Y−∨i,q−1
1
x
[X ]
Y+i,q1x[X ]Y+∨i,q−1
1
x
[X ] = −qi
1
Yi,q2x[Xrm]Y∨i,q−1
1
x
[X ] (4.19d)
where x = xσi,α,k, and we omit the index (i, α, k, σ) specifying where to add/remove an
instanton as far as no confusion. We remark
Yσi,x[Xad/rm:(i′,α,k,σ′)] = Yσi,x[X ] for (i, σ) 6= (i′, σ′) . (4.20)
Indeed adding/removing an instanton for the positive/negative node is equivalent to remov-
ing/adding an instanton for the negative/positive node.
Including the hypermultiplet and Chern–Simons contributions, the total partition function
behaves under the shift as follows:
Z[Xad:(i,α,k,+)]
Z[X ] = −qi x
κ+i
Pi,qxP˜
∨
i,x
Yi,qx[Xad]Y∨i,x[X ]
∏
e:i→j
Yj,µ−1e qx[X ]
∏
e:j→i
Y∨j,µex[X ]
∣∣∣∣∣
x=x+i,α,k
(4.21a)
Z[Xad:(i,α,k,−)]
Z[X ] = −q
−1
i (q
−1x)−κ
−
i
Yi,x[X ]Y∨i,q−1x[Xad]
Pi,xP˜
∨
i,q−1x
∏
e:i→j
Yj,µ−1e x[X ]−1
∏
e:j→i
Y∨j,µeq−1x[X ]−1
∣∣∣∣∣
x=x−i,α,k
(4.21b)
where we define the matter function
Pi,x =
P+i,x
P−i,x
, P˜i,x =
P˜+i,x
P˜−i,x
, P∨i,x =
P+∨i,x
P−∨i,x
, P˜∨i,x =
P˜+∨i,x
P˜−∨i,x
, (4.22)
with
Pσi,x =
∏
µ∈Mσi
(
1− x
µ
)
, P˜σi,x =
∏
µ∈M˜σi
(
1− x
µ
)
, (4.23a)
Pσ∨i,x =
∏
µ∈Mσi
(
1− µ
x
)
, P˜σ∨i,x =
∏
µ∈M˜σi
(
1− µ
x
)
. (4.23b)
As mentioned above, adding/removing for the positive/negative node is equivalent to remov-
ing/adding for the negative/positive node if the two Chern–Simons levels coincide κ+i = κ
−
i .
Namely (4.21a) and (4.21b) are essentially inverse operations.
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The analysis above shows that, using the full Y-function and the matter function, consist-
ing of both the positive and negative ones, we can apply the same argument to construct the
qq-character with the supergroup gauge and flavor nodes as the ordinary (non-supergroup)
gauge theory [18]. From the instanton-adding operation (4.21a), one can show that the pole
singularity of the Y+-function is cancelled as follows:
Res
xi,α,k,+
[
Yi,qx[Xad:(i,α,k,+)]Z[Xad:(i,α,k,+)]
+ qi x
κ+i
Pi,qxP˜
∨
i,x
Y∨i,x[X ]
∏
e:i→j
Yj,µ−1e qx[X ]
∏
e:j→i
Y∨j,µex[X ]Z[X ]
]
= 0 . (4.24)
We remark that the Y-function is given as a ratio of the Y±-functions (4.3). Thus the pole
singularity of the Y+-function is actually cancelled in (4.24), while there are still poles from
the Y−-function. Similarly from (4.21b), we obtain the pole cancellation for the Y−-function:
Res
xi,α,k,−
[
1
Yi,q−1x[Xad:(i,α,k,−)] Z[Xad:(i,α,k,−)]
+ q−1i (q
−1x)−κ
−
i
Yi,x[X ]
Pi,xP˜
∨
i,q−1x
∏
e:i→j
Yj,µ−1e x[X ]−1
∏
e:j→i
Y
∨
j,µeq−1x[X ]−1Z[X ]
]
= 0 . (4.25)
As mentioned before, the latter is equivalent to the instanton-removing operation for the
positive node when κ+i = κ
−
i =: κi.
Therefore we can apply the same iWeyl reflection operation to construct the qq-character
as discussed before [18]:
Ti,x = Yi,x + qi (q
−1x)κi
Pi,xP˜
∨
i,q−1x
Y∨i,q−1x[X ]
∏
e:i→j
Yj,µ−1e x[X ]
∏
e:j→i
Y
∨
j,µeq−1x[X ] + · · · (4.26)
For the non-supergroup theory, the gauge theory average of the qq-character turns out to
be a regular function without any pole singularities, so that it is a polynomial, and its
coefficients are interpreted as the Coulomb moduli, namely coordinates of the gauge theory
moduli space at the Coulomb branch. In contrast to this, for the supergroup gauge theory
with a proper matter content, the qq-character average becomes a rational function, given
as a ratio of polynomials
〈Ti,x 〉 = x
ni,+ + · · ·
xni,− + · · · =: T
ni,+|ni,−
i,x (4.27)
where the operator average is taken with respect to the gauge theory partition function
〈O 〉 = 1
Z
∑
X
O[X ]Z[X ] , Z =
∑
X
Z[X ] . (4.28)
In this case, the coefficients in the numerator and the denominator become the Coulomb
moduli of the positive and negative nodes of U(ni,+|ni,−), respectively. Namely, the qq-
character gives rise to the supercharacteristic polynomial of the adjoint scalar field in the
SUPER INSTANTON COUNTING AND LOCALIZATION 27
i-th vector multiplet,
〈Ti,x 〉 =
{
sdet (x IdN −Φi) (4d)
sdet
(
IdN −eΦ−log x
)
(5d)
(4.29)
In the classical limit q1,2 → 1, the qq-character is reduced to the ordinary character associ-
ated with the quiver. Thus the classical Seiberg–Witten geometry is similarly described with
the fundamental characters of the quiver as the ordinary non-supergroup gauge theory [53],
but, in the supergroup theory, the Coulomb moduli are encoded as the coefficients of the
rational function given as the gauge theory average of the fundamental characters.
4.2.1. A1 quiver. Let us consider the simplest example Γ = A1 which consists of a single
gauge node U(n1,+|n1,−). For simplicity, we consider the pure gauge theory with the Chern–
Simons level κ1 = 0. In this case, the qq-character is given by
T1,x = Y1,x + q1
1
Y∨i,q−1x
. (4.30)
This expression itself is identical to the non-supergroup theory [18], but its gauge theory
average becomes a rational function〈
T1,x
〉
= T
n1,+|n1,−
1,x =
xn1,+ + · · ·
xn1,− + · · · . (4.31)
In the classical limit q1,2 → 1, the qq-character is reduced to
y +
q1
y
= T
n1,+|n1,−
1,x (4.32)
where y := 〈Y1,x 〉. This algebraic equation defines the classical Seiberg–Witten curve for
pure SU(n1,+|n1,−) SYM theory
Σ = {(x, y) | H(x, y) = 0} (4.33a)
with
H(x, y) = y +
q1
y
− T n1,+|n1,−1,x . (4.33b)
We also define a one-form, called the Seiberg–Witten differential on the curve Σ,
λ =
{
x d log y (4d)
log x d log y (5d)
(4.34)
and the associated symplectic two-form
ω = dλ =
{
dx ∧ d log y (4d)
d logx ∧ d log y (5d) (4.35)
with
(x, y) ∈
{
C× C× (4d)
C
× × C× (5d) (4.36)
As pointed out in [10], the Seiberg–Witten curve (4.33) coincides with that for SU(n1,+)
gauge theory with 2n1,− fundamental hypermultiplets by tuning the flavor fugacities to the
28 TARO KIMURA AND VASILY PESTUN
Coulomb moduli for the negative node. Actually, in this case, the iWeyl reflection with
respect to Y+-function is given by
Y+1,x −→ q1
Y−1,xY
−∨
1,q−1x
Y
+∨
1,q−1x
. (4.37)
Applying the decoupling trick, discussed in Sec. 7, the Y−-function is reduced to a degree
n1,− polynomial, which just plays a role of the matter polynomial. Hence this reflection is
equivalent to that for SU(n1,+) gauge theory with 2n1,− fundamental matters. The curve
(4.33) describes the Riemann surface with genus n1,+ − 1 and 2n1,− punctures. The cycle
integral of the differential λ gives rise to the positive Coulomb moduli, while the residue
associated with the puncture provides the negative Coulomb moduli.
4.2.2. Ar quiver. We then study the linear quiver theory Γ = Ar. In this case, the iWeyl
reflection is given by
Yi,x −→ qi Pi,xP˜∨i,q−1x
Yi+1,µ−1i→i+1x
Y∨i−1,µi−1→iq−1x
Y∨i,q−1x
(i = 1, . . . , r) , (4.38)
where we define
Y0,x = Yr+1,x = 1 . (4.39)
Then one can construct the fundamental qq-characters (Ti,x)i=1,...,r corresponding to the i-th
antisymmetric representations of SU(r + 1) [18, 23].
For simplicity, let us focus on the situation with ni,± = n±, n
(a)f
i,± = 0, and putting µe = 0
by the gauge transformation. In this case, the iWeyl reflection (4.38) in terms of the Y±-
functions is
Y+1,x −→ q1
(
Y−1,xY
−∨
1,q−1x
Y−2,x
)
Y+2,x
Y+∨1,q−1x
, (4.40a)
Y+i,x −→ qi
(
Y−i,xY
−∨
i,q−1x
Y−i+1,xY
−∨
i−1,q−1x
)
Y+i+1,xY
+∨
i−1,q−1x
Y+∨i,q−1x
(i = 2, . . . , r − 1) , (4.40b)
Y+r,x −→ qr
(
Y−r,xY
−∨
r,q−1x
Y−∨r−1,q−1x
)
Y
+∨
r−1,q−1x
Y+∨r,q−1x
(4.40c)
Then, applying the decoupling trick again, the Y−-functions are reduced to the matter
polynomials. Furthermore, tuning the negative Coulomb moduli as the common values, one
can replace all the Y−-functions with a single polynomial, (Y−i,x,Y
−∨
i,x ) → (P−x ,P−∨x ), and
obtain
Y+1,x −→ q1 P−∨q−1x
Y
+
2,x
Y+∨1,q−1x
, (4.41a)
Y+i,x −→ qi
Y
+
i+1,xY
+∨
i−1,q−1x
Y+∨i,q−1x
(i = 2, . . . , r − 1) , (4.41b)
Y+r,x −→ qr P−x
Y
+∨
r−1,q−1x
Y+∨r,q−1x
. (4.41c)
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These reflections are equivalent to those of SU(n+)×· · ·×SU(n+) linear quiver gauge theory
with fundamental and antinfundamental flavors attached to r-th and 1st nodes, which is
consistent with the result based on the brane realization discussed in Sec. 6.
4.2.3. Â0 quiver. We consider the simplest affine quiver, Γ = Â0, corresponding to 4dN = 2∗
(5d N = 1∗) theory, with supergroup gauge symmetry SU(n1,+|n1,−). In this case, the iWeyl
reflection is given by
Y1,x −→ q1 S
(
µ−1
) Y1,µ−1xY∨1,µq−1
Y∨1,q−1x
. (4.42)
Let us focus on SU(n1|n1) theory for simplicity, where the Y-function and its dual are equiv-
alent. Then the qq-character is given as an infinite sum over the partition [18, 23, 34],
T1,x =
∑
λ
q
|λ|
1 Z
Â0
λ (q3, q4) :
∏
s∈∂+λ
Y1,qx/x˜(s)
∏
s∈∂−λ
Y1,x/x˜(s) : (4.43)
where ∂+λ and ∂−λ are the outer and innter boundaries of the partition λ, and we define
x˜(s) = qs1−13 q
s2−1
4 q (4.44)
with
q3 = µ
−1 , q4 = µq
−1 . (4.45)
These parameters play a role as the equivariant parameters for the transversal planes in the
8d setup, called the gauge origami [18]. Actually their product becomes unity,
q1q2q3q4 = 1 , (4.46)
which is interpreted as the Calabi–Yau condition in 8d. The factor ZÂ0λ (q3, q4) is the U(1)
instanton partition function for Â0 quiver with the equivariant parameters (q3, q4).
In terms of the Y±-functions, the iWeyl reflection (4.42) becomes
Y+1,x −→ q1 S
(
µ−1
)( Y−1,xY−∨1,q−1x
Y−1,µ−1xY
−∨
1,µq−1x
)
Y
+
1,µ−1xY
+∨
1,µq−1
Y+∨1,q−1x
. (4.47)
This implies that the Seiberg–Witten geometry of SU(n1,+|n1,−) Â0 quiver gauge theory is
equivalent to that for the SU(n1,+) Â0 theory with 2n1,− positive fundamental hypermul-
tiplets with the mass parameter (ν−1,α)α=1,...,n1,−, and 2n1,− negative fundamental matters
with the mass parameters (µν−1,α)α=1,...,n1,−. These contributions from the positive and neg-
ative fundamental matters are not canceled with each other due to the finite adjoint mass
parameter µ 6= 1.
4.2.4. Higher-order reflection and collision. In general, we may consider the higher-order
qq-character, corresponding to the higher-representation of the quiver, where the degree of
the highest weight is larger than one. In such a case, the qq-character starts with the product
of the Y-functions. For example, the iWeyl reflection for pure U(n + |n−) theory with the
degree two weight is given as
Yi,xYi,x′ + S
(
x′
x
)
Yi,x′
Y∨i,q−1x
+ S
( x
x′
)
Yi,x
Y∨i,q−1x′
+
1
Y∨i,q−1xY
∨
i,q−1x′
(4.48)
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where we have to insert the S-factor (3.16) to eliminate the pole singularity [18, 23]. In the
colliding limit x′ → x, it involves a derivative term
Y2i,x +
(
c(q1, q2)− (1− q1)(1− q2)
1− q ∂log x logYi,xYi,q−1x
)
Yi,x
Y∨i,q−1x
+
1
Y∨2i,q−1x
(4.49)
where the factor c(q1, q2) is given by
c(q1, q2) = lim
x→1
(
S(x) + S(x−1)
)
=
1− 6q + q2 + (q1 + q2)(1 + q)
(1− q)2
q1,2→1−→ 2 . (4.50)
Appearance of such a derivative term is a specific feature of the qq-character, which appears
for, e.g., the adjoint representation of D4 quiver [18, 54].
5. Bethe/Gauge correspondence
It has been shown that the NS limit (ǫ2 → 0) of gauge theory has a geometric corre-
spondence to the quantum integrable system, a.k.a. the Bethe/Gauge correspondence [33].
In such a limit, one can focus on the saddle point configuration with respect to the small
parameter ǫ2, and the corresponding saddle point equation turns out to be Bethe equation
of the associated quantum integrable system. In this Section, we study the saddle point
configuration of the supergroup gauge theory in the NS limit, and discuss its implication to
quantum integrable system.
5.1. Effective twisted superpotential from asymptotics. We study the asymptotic
behavior of the partition function in the NS limit ǫ2 → 0. In this limit, the partition
function behaves as
Z
ǫ2→0−→ exp
(
1
ǫ2
W(ǫ1) + · · ·
)
(5.1)
where the leading contribution is identified with the effective twisted superpotential. This
behavior suggests that one can apply the saddle point analysis with the small parameter ǫ2.
As shown in Sec. 3.2, the full partition function for 5d gauge theory is expressed using the
q-shifted factorial (3.62) with n→∞, which asymptotically behaves
(z; q)∞ = exp
[
1
ǫ
Li2(z) +O(ǫ
0)
]
for q = eǫ (5.2)
and we define the polylogarithm function
Lik(z) =
∞∑
n=1
zn
nk
. (5.3)
Here the limit should be taken as ǫ→ 0− since |q| < 1.
In the following we consider the asymptotic behavior of the partition function in the NS
limit ǫ2 → 0 with the function defined2
L(z; q) = Li2(qz)− Li2(z) (5.7)
2For 6d theory, we apply the same analysis just by replacing the L-function with its elliptic analog:
L(z; q; p) = Li2(qz; p)− Li2(z; p) (5.4)
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with the reflection
L(z; q−1) = −L(q−1z; q) . (5.8)
The leading contribution in the limit ǫ2 → 0 would be identified with the effective twisted
superpotential as summarized in the following:
Vector multiplet.
Zveci,++ −→ exp
 1ǫ2 ∑
(x,x′)∈X+i ×X
+
i
x 6=x′
L
( x
x′
; q1
) (5.9a)
Zveci,+− −→ exp
 1
ǫ2
∑
(x,x′)∈X+i ×X
−
i
L
(
q1
x
x′
; q1
) (5.9b)
Zveci,−+ −→ exp
 1
ǫ2
∑
(x,x′)∈X−i ×X
+
i
L
(
q−11
x
x′
; q1
) (5.9c)
Zveci,−− −→ exp
 1ǫ2 ∑
(x,x′)∈X−i ×X
−
i
x 6=x′
L
( x
x′
; q1
) (5.9d)
Bifundamental hypermultiplet.
Zbfe:i→j,++ −→ exp
− 1
ǫ2
∑
(x,x′)∈X+i ×X
+
j
L
(
µ−1e
x
x′
; q1
) (5.10a)
Zbfe:i→j,+− −→ exp
− 1
ǫ2
∑
(x,x′)∈X+i ×X
−
j
L
(
µ−1e q1
x
x′
; q1
) (5.10b)
and the elliptic analog of the polylogarithm
Lik(z; p) =
∑
m 6=0
zm
mk(1− pm) , (5.5)
since the elliptic gamma function asymptotically behaves as
Γ(z; p, q) = exp
(
−1
ǫ
Li2(z; p) +O(ǫ
0)
)
(5.6)
with q = eǫ.
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Zbfe:i→j,−+ −→ exp
− 1
ǫ2
∑
(x,x′)∈X−i ×X
+
j
L
(
µ−1e q
−1
1
x
x′
; q1
) (5.10c)
Zbfe:i→j,−− −→ exp
− 1
ǫ2
∑
(x,x′)∈X−i ×X
−
j
L
(
µ−1e
x
x′
; q1
) (5.10d)
Fundamental and antifundamental hypermultiplet.
Z fi,+σ −→ exp
− σ
ǫ2
∑
(x,µ)∈X+i ×M
σ
i
Li2
(
q1
x
µ
) (5.11a)
Z fi,−σ −→ exp
− σ
ǫ2
∑
(x,µ)∈X−i ×M
σ
i
Li2
(
x
µ
) (5.11b)
Zafi,+σ −→ exp
 σ
ǫ2
∑
(x,µ)∈X+i ×M˜
σ
i
Li2
(
q1
µ
x
) (5.11c)
Zafi,−σ −→ exp
 σ
ǫ2
∑
(x,µ)∈X−i ×M˜
σ
i
Li2
(
q1
µ
x
) (5.11d)
5.2. Bethe equation.
5.2.1. Preliminary. We first quickly review the Bethe equation for G-symmetric spin chain.
The Bethe equation for spin chain with symmetry G is given as follows:
Li∏
a=1
[xi,k − ξi,a + si,a~]
[xi,k − ξi,a − si,a~] = −qi
∏
(j,k′)(6=(i,k))
[xi,k − xj,k′ − cij~/2]
[xi,k − xj,k′ + cij~/2] (5.12)
with the Cartan matrix (cij)i,j=1,...,rkG,
3 the inhomogeneous parameters (ξi,a)i=1,...,rkG,a=1,...,Li,
the spins (si,a)i=1,...,rkG,a=1,...,Li, the twist parameters (qi)i=1,...,rkG, and the Bethe roots (xi,k)i=1,...,rkG,k=1,...,Ni.
In general, one can assign different lengths (Li)i=1,...,rkG for each node. The number of Bethe
roots (Ni)i=1,...,rkG corresponds to that of magnons in the spin chain. We define the odd
function
[x] =

x (rational)
2 sinh x
2
(trigonometric)
θ1(x) (elliptic)
(5.13)
3For the non-simply-laced case, the Cartan matrix in the Bethe equation (5.12) is replaced by its sym-
metrization (bij)i,j=1,...,rkG [55]. See [25] for its gauge theory realization.
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obeying
[−x] = −[x] . (5.14)
The three possibilities of [x]-function (rational/trigonometric/elliptic) correspond to the
anisotropy of spin chain (XXX/XXZ/XYZ).
The Bethe equation (5.12) is rephrased in a compact form using the Q-function
ai(xi,k)
di(xi,k)
= qi
rkG∏
j=1
Qj(xi,k − cij~/2)
Qj(xi,k + cij~/2)
(5.15)
where we define
Qi(x) =
Ni∏
k=1
[x− xi,k] (5.16)
and
ai(x) =
Li∏
a=1
[x− ξi,a + si,a~] , di(x) =
Li∏
a=1
[x− ξi,a − si,a~] . (5.17)
We remark that the functions ai(x) and di(x) can be also expressed in terms of the Drinfeld
polynomial.
5.2.2. Gauge theory derivation. To obtain the on-shell value of the twisted superpotential
W(ǫ1) from the asymptotic behavior of the partition function discussed in Sec. 5.1, we have
to evaluate it with the critical configuration X∗ defined with the saddle point equation
exp
(
ǫ2
∂
∂ log x
logZ[X∗]
)
= 1 , (5.18)
which is essentially the twisted F-term condition with respect to the twisted superpotential,
and thus the critical configuration gives rise to the SUSY vacuum. Actually, in the limit
ǫ2 → 0, the critical configuration dominates in the partition function:
Z =
∑
X
Z[X ] ǫ2→0−→ Z[X∗] = exp
(
1
ǫ2
W(ǫ1) + · · ·
)
. (5.19)
Since the dynamical x-variable is defined as (3.49a), the saddle point condition (5.18) is
equivalent to the invariance under the partition shift. Namely, from (4.21a) and (4.21b), we
obtain the saddle point equations in the limit q2 → 1 with q1 fixed,
1 = −qi xκi
Pi,q1xP˜
∨
i,x
Yi,q1xY
∨
i,x
∏
e:i→j
Yj,µ−1e q1x
∏
e:j→i
Y
∨
j,µex
∣∣∣∣∣
X∗,x=x
+
i,α,k
(5.20)
1 = −q−1i (q−11 x)−κi
Yi,xY
∨
i,q−1
1
x
Pi,xP˜
∨
i,q−1
1
x
∏
e:i→j
Y−1
j,µ−1e x
∏
e:j→i
Y∨−1
j,µeq
−1
1
x
∣∣∣∣∣
X∗,x=x
−
i,α,k
(5.21)
where we assume κ+i = κ
−
i =: κi. Instead of these expressions, we use the following ones
obtained by rescaling the Y-functions with the Γ-factors without modifying the singularity
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of them,
1 = −qi xκi
P˜∨i,x
Pi,x
1
Yi,q1xY
∨
i,x
∏
e:i→j
Yj,µ−1e q1x
∏
e:j→i
Y∨j,µex
∣∣∣∣∣
X∗,x=x
+
i,α,k
(5.22)
1 = −q−1i (q−11 x)−κi
Pi,q−1
1
x
P˜∨
i,q−1
1
x
Yi,xY
∨
i,q−1
1
x
∏
e:i→j
Y−1
j,µ−1e x
∏
e:j→i
Y∨−1
j,µeq
−1
1
x
∣∣∣∣∣
X∗,x=x
−
i,α,k
(5.23)
Let us then discuss how the gauge theory vacuum determined by the saddle point equation
is related to the Bethe equation. It has been shown that the saddle point equation of the
Γ-quiver gauge theory turns out to be the Bethe equation of Γ-symmetric spin chain [34]. In
the present case with supergroup gauge symmetry, we obtain a generalization of the Bethe
equation (5.15).
The Y-function with generic (q1, q2) defined in Sec. 4.1 is rewritten in terms of Q
±-functions
having zeros at x ∈ X σi ,
Q
σ
i,x =
∏
x′∈Xσi
(
1− x
x′
)
, Qσ∨i,x =
∏
x′∈Xσi
(
1− x
′
x
)
, (5.24)
as follows:
Yi,x =
Q
+
i,xQ
−
i,q−1
2
x
Q
+
i,q−1
1
x
Q
−
i,q−1x
, Y∨i,x =
Q
+∨
i,x Q
−∨
i,q−1
2
x
Q
+∨
i,q−1
1
x
Q
−∨
i,q−1x
, (5.25)
where we shift the x−-variables as x→ qx for x ∈ X−i for convenience. See also the argument
around (3.48). In the NS limit q2 → 1, the Y-function is reduced to
Yi,x =
Qi,x
Qi,q−1
1
x
, Y∨i,x =
Q∨i,x
Q∨
i,q−1
1
x
, (5.26)
where the total Q-function is defined as the product of Q±-functions,
Qi,x = Q
+
i,xQ
−
i,x , Q
∨
i,x = Q
+∨
i,x Q
−∨
i,x . (5.27)
Then from the saddle point equation (5.22), we obtain
Pi,x
P˜∨i,x
= qi x
κi
Q∨
i,q−1
1
x
Qi,q1x
∏
e:i→j
Q
i,µ−1e q
1/2
1
x
Q
i,µ−1e q
−1/2
1
x
∏
e:j→i
Q∨
i,µeq
1/2
1
x
Q∨
i,µeq
−1/2
1
x
for x ∈ X+i (5.28)
where we shift the bifundamental mass parameters µe → µeq1/21 to obtain a more symmetric
expression. For the conformal case, we can rewrite the Q-function and the P-function in terms
of the [x]-function (5.13), namely the Dirac index convention, so that it is formally reduced
to the Bethe equation (5.15) by identifying ǫ1 = ~ (q1 = e
~). In this correspondence, the ai
and di functions are given by the matter functions, Pi,x and P˜i,x, the twist parameters are
given by the gauge coupling constants (qi), and the Bethe roots correspond to the instanton
configuration x ∈ X . We remark that the naive saddle point equation of gauge theory
involves infinitely many x-variables, but it can be truncated at the root of Higgs branch by
tuning the Coulomb moduli with the fundamental mass parameters [56, 57].
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5.2.3. Generalization: a coupled system. A crucial difference between the ordinary case and
the supergroup case is that, in the latter case, the P-function (4.22) is not a polynomial, but
a ratio of polynomials, namely a rational function. The gauge theory analysis suggests the
following Bethe equation:
a+i (x)
a−i (x)
d−i (x)
d+i (x)
= qi
rkG∏
j=1
Q+j (x− cij~/2)
Q+j (x+ cij~/2)
Q−j (x− cij~/2)
Q−j (x+ cij~/2)
for x ∈ X+i ⊔ X−i (5.29a)
where we define
Qσi (x) =
Ni,σ∏
k=1
[x− xσi,k] (5.30)
and
a+i (x) =
Li,+∏
a=1
[x− ξ+i,a + s+i,a~] , d+i (x) =
Li,+∏
a=1
[x− ξ+i,a − s+i,a~] , (5.31a)
a−i (x) =
Li,−∏
a=1
[x− ξ−i,a − s−i,a~] , d−i (x) =
Li,−∏
a=1
[x− ξ−i,a + s−i,a~] . (5.31b)
Introducing the total Q-function
Qi(x) = Q
+
i (x)Q
−
i (x) (5.32)
and rational functions,
ai(x) =
a+i (x)
a−i (x)
, di(x) =
d+i (x)
d−i (x)
, (5.33)
the Bethe equation (5.29) formally agrees with the ordinary expression (5.15). In this case,
however, there are inhomogeneous parameters both in the numerator and the denominator
of ai(x) and di(x). This could be interpreted as analytic continuation Li,− → −Li,− of the
spin chain with the length Li,+ +Li,−: The positive inhomogeneous parameters are assigned
to Li,+ sites, while the negative ones are for Li,− sites, which would be thought of as the
spectral dual of the situation studied in [58–60]. See also the argument in Sec. 8.3.
Another interpretation is as follows: Define the polynomial functions,
a˜i(x) = a
+
i (x)d
−
i (x) , d˜i(x) = d
+
i (x)a
−
i (x) . (5.34)
Then the Bethe equation (5.29) itself coincides with the ordinary one (5.15) where the
magnon number is Ni,+ + Ni,−, and the spin chain length is Li + Li. However, it would
be different from the ordinary quantum spin system since the underlying T -function is a
rational function as mentioned in Sec. 5.3.
5.3. TQ-relation. In Sec. 4, we have discussed the doubly quantum Seiberg–Witten ge-
ometry, where the qq-character plays a key role. Such a two-parameter deformation of the
character is then reduced to the so-called q-character [61, 62], which is a one-parameter
deformation, in the NS limit ǫ2 → 0. The q-character gives rise to the transfer matrix of
the associated quantum integrable system, and obeys functional relations, e.g., T-system,
TQ-relation, etc. In particular, the TQ-relation is naturally interpreted as a quantization of
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the algebraic curve characterizing the Seiberg–Witten geometry. We study the role of these
with the supergroup gauge theory.
5.3.1. U(n|n) pure Yang–Mills theory. Let us focus on A1 quiver with U(n|n) gauge node,
namely U(n|n) pure Yang–Mills theory, for simplicity. In this case, there is no distinction
between the Y-function and its dual Y∨ as shown in (4.16). Thus the qq-character (4.30) is
reduced to the fundamental q-character of A1 quiver:〈
Y1,x
〉
+
〈 q1
Y1,q−1x
〉
= T
n|n
1,x . (5.35)
Since, in the NS limit, the average is replaced by that evaluated with the critical configura-
tion, we have
Y1,x[X∗] + q1
Y1,q−1
1
x[X∗]
= T
n|n
1,x . (5.36)
In terms of the Q-function, it is equivalent to
Q1,q1x + q1Q1,q−1
1
,x = T
n|n
1,x Q1,x (5.37)
where the Q-function is accordingly evaluated with the critical configuration X∗. This is the
TQ-relation for the relativistic Toda chain, but again T -function is not a polynomial, but
a rational function. We remark that, since the Q-function is an entire function, the LHS of
(5.37) is an entire function. Hence the RHS should be also an entire function although T
n|n
1,x
is a rational function.
Furthermore, the TQ-relation (5.37) is rephrased in the operator formalism
H(xˆ, yˆ)Q1,x = 0 (5.38)
where H(x, y) is the two variable algebraic function used to define the Seiberg–Witten curve
(4.33). (xˆ, yˆ) is the operator pair
xˆ = x , yˆ = exp
(
ǫ1
∂
∂ log x
)
. (5.39)
which is obtained through the canonical quantization with respect to the symplectic two-form
(4.35)
[log xˆ, log yˆ] = −ǫ1 . (5.40)
In this sense, the TQ-relation is interpreted as quantization of the Seiberg–Witten curve,
defined as the kernel of the operator H(xˆ, yˆ) in the Hilbert space, while the classical curve is
defined as the zero locus of the algebraic function H(x, y), which is actually the Lagrangian
submanifold of T ∗Σ.
5.3.2. U(n|n) SQCD. In the presence of the fundamental hypermultiplets, the TQ-relation
is promoted to
a1(x)Q1,q1x + q1d1(x)Q1,q−1
1
,x = T
n|n
1,x Q1,x (5.41)
which reproduces the TQ-relation for SU(2)-spin chain, where the rational functions, a1(x)
and d1(x), are given by the matter functions P1,x and P˜1,x. This TQ-relation is rephrased as
a+1 (x)d
−
1 (x)Q1,q1x + q1a
−
1 (x)d
+
1 (x)Q1,q−1
1
,x = a
−
1 (x)d
−
1 (x)T
n|n
1,x Q1,x . (5.42)
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Then, as in the previous case (5.37), this is a functional relation on entire functions although
the T -function is a rational function.
6. Brane construction
Following the approach by Dijkgraaf et al. [10], we consider the brane construction of the
supergroup gauge theory, in particular, of the linear quiver type. First of all, 4d N = 2
SU(n+|n−) Yang–Mills theory is realized as world-volume theory of positive and negative
branes, D4+ and D4−, suspended between two separated NS5 brane:
NS5 NS5
n+ D4
+
n− D4
−
where D4+ and D4− branes are depicted as horizontal solid and dotted lines. It has been
pointed out in [10] that the negative branes are removed through gauging process:
and the resulting configuration is equivalent to 4d SU(n+) theory with nF = 2n− flavors.
More precisely, there are n− fundamental and n− anti-fundamental hypermultiplets having
the same masses because we imposed horizontal D4+ branes before gauging.
6.1. Ar quiver. This argument is easily generalized to linear quiver theory. The brane
configuration of Ar quiver with gauge group SU(n+|n−) is shown as follows:
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SU(n+|n−) SU(n+|n−) SU(n+|n−)
SU(n+) SU(n+) SU(n+)SU(n−) SU(n−)
For the moment, we assign the same super gauge group to all the gauge node for simplicity.
The negative branes are annihilated by gauging, and the resulting theory is the linear quiver
theory with gauge groups SU(n+) and flavor nodes SU(n−) attached to the left and right
most nodes. We can consider the situation with different super gauge groups assigned to
each node. However, in such a case, it’s not possible to annihilate all the negative branes at
the same time in general. See also Sec. 7.
6.2. Dr quiver. The procedure discussed above has a natural generalization to Dr and D̂r
quivers, by introducing the ON0 plane to the configuration [63–65]. For Dr quiver, the brane
configuration is given as follows:
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NS5 NS5 NS5 ON−
SU(2n+|2n−) SU(2n+|2n−)
SU(n+|n−)
SU(n+|n−)
SU(2n+) SU(2n+)
SU(n+)
SU(n+)SU(2n−)
Thus the configuration is reduced to that for Dr quiver with non-supergroup gauge nodes.
Such a reduction is consistent with another approach discussed in Sec. 7.3. We can similarly
deal with D̂r quiver by imposing ON
0 planes on the both ends of the configuration.
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7. Decoupling trick
7.1. Vector multiplet. The SU(n+|n−) vector multiplet consists of SU(n+) and SU(n−)
vectors and two bifundamentals of SU(n+)×SU(n−) and SU(n−)×SU(n+), where two gauge
couplings, q+ and q−, should obey [10]:
Q := q+q− = 1 . (7.1)
For example, A1 quiver with super gauge group is equivalent to Â1 quiver, and the Seiberg–
Witten geometry exhibits the modular property with the gauge coupling product Q [53].
In this sense, the super group condition Q → 1 seems singular because it’s a boundary
of the convergence radius. Instead of such a singular limit, we alternatively consider the
condition Q → 0 using the modular transformation, which implies decoupling the SU(n−)
vector multiplet: q− = 0.
4 In this limit, Â1 quiver is reduced to A1 quiver with two SU(n−)
flavor nodes:
n+|n−
q+
q−
q− → 0
n+
n− n−
This is consistent with the previous argument in Sec. 6.
7.2. Bifundamental hypermultiplet. In order to apply this argument to generic quiver,
we consider the hypermultiplet in the bifundamental representation of SU(ni,+|ni,−)×SU(nj,+|nj,−).
We consider A2 quiver as follows:
n1,+|n1,− n2,+|n2,−
n1,+
n1,−
n2,+
n2,−
where the solid lines are the positive bifundamental hypermultiplets, while the dashed lines
are the negative (vector-like) bifundamental multiplets. Then, turning off the gauge cou-
plings, q1,− and q2,−, with the assumption n1,− = n2,− =: n−, and all the mass parameters
(Coulomb moduli for the negative nodes) coincide with each other, it becomes
n1,+ n2,+
n− n−
n1,+ n2,+
n− n−
4Precisely speaking, there are two possibilities: q+ = 0 or q− = 0. We assume q+ 6= 0 since q+ would be
interpreted as the physical gauge coupling.
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which is consistent with the brane construction discussed in Sec. 6. If n1,− 6= n2,−, such a
cancellation does not occur, and the flavor nodes become different from each other. This
procedure is naturally generalized to Ar quiver theory.
7.3. Dr quiver. Let us apply the decoupling trick to Dr quiver with r = 4 as an example.
Splitting the SU(ni,+|ni,−) gauge nodes into positive SU(ni,+) and negative SU(ni,−) nodes,
we obtain the following:
n1,+|n1,− n2,+|n2,−
n3,+|n3,−
n4,+|n4,−
n1,+
n1,−
n2,+
n2,−
n3,+
n3,−
n4,+
n4,−
We then turn off the gauge couplings for the negative nodes, qi,− → 0. Applying the condition
n1,− = n2,− = 2n3,− = 2n4,− =: 2n−, and tuning the Coulomb moduli for the negative nodes,
we obtain D4 quiver configuration with a single SU(2n−) flavor node:
where = SU(2n−) and = SU(n−) flavor nodes. This is consistent with the brane
configuration discussed in Sec. 6.2.
7.4. Â0 quiver. Let us then consider the affine quiver Γ = Â0. Here we have a parameter
µ ∈ C× assigned to the loop edge, which is the multiplicative adjoint mass parameter.
Applying the decoupling trick, it becomes:
µ
n+|n−
q+
q−
q− → 0
n+
n− n−n− n−
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Then we have the SU(n+) gauge node, and with 2n− positive and 2n− negative fundamental
matters. In this case, due to the adjoint mass parameter, the positive and negative funda-
mentals cannot be canceled with each other. This is consistent with the argument discussed
in Sec. 4.2.3.
8. Outlook
Let us conclude with outlooks for the study of supergroup gauge theory.
8.1. Classical supergroup gauge theory. We have shown the super analog of LMNS
integral formula for the instanton partition function in Sec. 3.1. It is natural to generalize
this result to other (classical) supergroups, i.e., OSp(n|m), in a similar way to [37, 52,
66]. The resultant super-instanton partition function would be given by a multi-variable
contour integral over Cartan elements of the corresponding supergroup. Also the case of the
super Lie algebra D(2|1, α) could be a particular interesting, since the bosonic part of this
algebra contains three copies of sl2 and the fermionic part transforms as a tri-fundamental
representation.
8.2. Localization on a curved compact manifold. In this paper, we have considered
the supergroup gauge theory partition function on the non-compact manifolds, R4 × E ,
where the elliptic curve is E = pt × pt (4d), S1 × pt (5d), and S1 × S1 = T 2 (6d). It
would be interesting to study the partition function on a curved compact manifold with the
supersymmetric localization [67, 68]. Our result implies that the equivariant localization
is similarly applicable to supergroup theory. Hence the resultant partition function would
be reduced to the integral over Cartan part of the corresponding supergroup, namely a
supermatrix integral. We shall see the holomorphic factorization of the four-sphere partition
function, ZS4 =
∫
da |ZR4|2, as well for the supergroup gauge theory, and such a factorization
is also expected for lower dimensional theories. See [69] for a related result in two dimensions.
The Harish-Chandra–Itzykson–Zuber integral for supergroup U(n+|n−) [70–72] would be
interpreted as a zero-dimensional example.
8.3. Quantum inverse scattering method. In Sec. 5, we have discussed quantum inte-
grability arising in the NS limit of supergroup gauge theory. In this case, the polynomials,
a(x) and d(x), used to diagonalize the transfer matrix, are replaced with rational func-
tions, ratio of polynomials, a±(x) and d±(x). This implies that the eigenvalues of A and
D operators in the monodromy matrix T =
(
A B
C D
)
would be rational functions, namely
a(x) = a+(x)/a−(x) and d(x) = d+(x)/d−(x), as in (5.33), and the eigenvalue of the transfer
matrix T = Tr T becomes also a rational function T (x) = a(x) + d(x). We can turn on the
twist parameter q in general, but do not have it for simplicity. Since we now have two sets
of inhomogeneous parameters, the corresponding monodromy matrix of (L+|L−)-chain may
consist of two L matrices, L+ and L−, as follows:
T (x) = L−L−(x− ξ−L−) · · ·L−1 (x− ξ−1 )L+L+(x− ξ+L+) · · ·L+1 (x− ξ+1 )
= T−(x)T+(x) . (8.1)
This configuration looks similar to the (L++L−)-chain system, but it should be interpreted
as its analytic continuation L− → −L− since a(x) and d(x) are ratios of polynomials of
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degree L+ and L−. Similarly, we have two sets of Bethe roots in this case. Thus the
(N+|N−)-magnon Bethe state is generated by the B± operator, which is a off-diagonal part
of T ±, ∣∣Ψ({x+k , x−k′})〉 = B−(x−N−) · · ·B−(x−1 )B+(x+N+) · · ·B+(x+1 ) |0〉 . (8.2)
Let us mention a possible connection with the Bethe/Gauge correspondence for the spin
chain with supergroup symmetry [58–60]. Through the Bethe/Gauge correspondence, the G-
symmetric spin chain model corresponds to Γ-quiver gauge theory where the Dynkin diagram
of G coincides with quiver Γ. The construction of [58–60] is based on the gauge theory whose
quiver structure is given by the Dynkin diagram of the Lie superalgebra, but with ordinary,
non supergroup gauge symmetry of the supersymmetric gauge theory. An important point
in this construction is that the negative equivariant parameters (adjoint masses) should be
assigned for the gauge nodes corresponding to the additional nodes in the super Dynkin
diagram. This situation is actually dual to the setup studied in this paper through the
so-called spectral duality [73–76], which exchanges the gauge and quiver structures. It’d be
interesting to study details of such a super analog of the spectral duality.
8.4. AGT correspondence. The AGT correspondence claims that the partition function
of 4d N = 2 theory with G gauge symmetry on R4ǫ1,2 is identical to the conformal block of
W(G)-algebra [50, 77]. Similarly its K-theory analog is the correspondence between the 5d
partition function compactified on a circle R4ǫ1,2 × S1 and the conformal block of q-deformed
W(G)-algebra [78]. This correspondence is expected to be generalized to the situation studied
in this paper: The partition function for 4d and 5d theory with supergroup gauge symmetry
would be identified with the conformal block of the corresponding W-algebra associated with
supergroup. A possible realization of such an algebra is the Drinfeld–Sokolov reduction of
affine Lie superalgebra. Such a W-algebraic structure should be also interpreted as a further
quantization of quantum algebra associated with quantum integrability discussed in Sec. 5.
See [79–81] for the studies along this direction.
8.5. Quiver variety. The construction of super-instantons shown in Sec. 3 suggests a gener-
alization of quiver variety equipped with supergroup structure [82, 83]. The ordinary quiver
variety denoted by MΓ
~n,~k
is defined for a quiver Γ with two integral vectors ~n,~k ∈ Z|Γ0|≥0 .
A super analog of the quiver variety is defined for a quiver Γ with two graded vectors,
~nσ, ~kσ ∈ Z|Γ0|≥0 for σ = ±. Let K = (Ki)i∈Γ0 and N = (Ni)i∈Γ0 with Ki = Cki,+|ki,− and
Ni = C
ni,+|ni,− be the graded vector spaces for i ∈ Γ0, and define maps
Ii : Ni → Ki , Ji : Ki → Ni , Be:i→j : Ki → Kj , Be:i→j : Kj → Ki , (8.3)
with the supergroup action U(K) =
∏
i∈Γ0
U(ki,+|ki,−)
U(K) :
((
Be, Be
)
e:i→j
, (Ii, Ji)i∈Γ0
)
−→
((
vjBev
−1
i , viBev
−1
j
)
e:i→j
,
(
viIi, Jiv
−1
i
)
i∈Γ0
)
(8.4)
where vi ∈ U(ni,+|ni,−). As mentioned in Sec. 2, these maps are realized as supermatrices. A
super analog of the quiver varietyMΓ
~nσ ,~kσ
, which is a hyper-Ka¨hler supermanifold, is defined
as a supergroup quotient
MΓ
~nσ,~kσ
= ~µ−1(~ζ)/U(K) (8.5)
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where the moment maps ~µ = (µi,R, µi,C)i∈Γ0 are defined
µi,R = IiI
†
i − J†i Ji −
∑
e:i→j
(
B†eBe −BeB†e
)
+
∑
e:j→i
(
BeB
†
e − B†eBe
)
(8.6a)
µi,C = IiJi −
∑
e:i→j
BeBe +
∑
e:j→i
BeBe (8.6b)
and we typically consider ~ζ = (ζi IdKi, 0)i∈Γ0. For Γ = Â0, it is reduced to the super ADHM
moduli space discussed in Sec. 3.1. Such a supergroup quiver variety would be realized as the
instanton moduli space for supergroup gauge theory on the ALE space C2/Γ′ if Γ = Γ̂′. It is
also interesting to study the realization of MΓ
~nσ,~kσ
as the Higgs branch of the corresponding
3d quiver gauge theory.
Appendix A. Combinatorial calculus
We summarize the combinatorics calculus of the partition for the instanton partition
function. We denote the transposed partition of λ by λT. Summation over the partition is
expressed in the following two ways,
∑
s∈λ
=
λT1∑
s1=1
λs1∑
s2=1
=
λ1∑
s2=1
λTs2∑
s1=1
(A.1)
A.1. U(n) theory. We consider the instanton contribution to the Chern character of the
bifundamental hypermultiplet
chHbf, inste:i→j = −µe(1− q−11 )(1− q−12 ) chK∨i chKj + µe chN∨i chKj + µeq−1 chK∨i chNj
=:
ni∑
α=1
nj∑
β=1
µe
νj,β
νi,α
Ξ[λi,α, λj,β] (A.2)
where we define
Ξ[λα, λβ] = −(1− q−11 )(1− q−12 )
∑
s∈λα
∑
s′∈λβ
q
−s1+s′1
1 q
−s2+s′2
2 +
∑
s∈λα
q−s11 s
−s2
2 +
∑
s′∈λβ
q
s′1−1
1 s
s′2−1
2
(A.3)
From this expression, we obtain a combinatorial formula (See, for example, [38])
Ξ[λα, λβ] =
∑
s∈λα
q
ℓβ(s)
1 q
−aα(s)−1
2 +
∑
s∈λβ
q
−ℓα(s)−1
1 q
aβ(s)
2 . (A.4)
where the arm and leg lengths for each box s = (s1, s2) in the partition λα are defined as
aα(s) = λα,s1 − s2 , ℓα(s) = λTα,s2 − s1 . (A.5)
We remark
q Ξ[λα, λβ]
∣∣∣
q1,q2
= Ξ[λβ, λα]
∣∣∣
q−1
1
,q−1
2
. (A.6)
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The vector multiplet contribution has a similar expression
chVinsti = (1− q−11 )(1− q−12 ) chK∨i chKj − chN∨i chKj − q−1 chK∨i chNj
= −
ni∑
α,β=1
νi,β
νi,α
Ξ[λi,α, λi,β] . (A.7)
A.1.1. Proof of the formula (A.4). We prove the combinatorial formula (A.4). We partially
perform the summation for the first term in (A.3),
− (1− q−11 )(1− q−12 )
∑
s∈λα
∑
s′∈λβ
q
−s1+s′1
1 q
−s2+s′2
2 =
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
(1− q
λT
β,s′
2
1 )q
−s1
1 (1− q−λα,s12 )qs
′
2
−1
2
=
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
[
q
λT
β,s′
2
−s1
1 q
−λα,s1+s
′
2
−1
2 − q−s11 qs
′
2−1
2 + (1− q
λT
β,s′
2
1 )q
−s1
1 q
s′2−1
2 + q
−s1
1 (1− q−λα,s12 )qs
′
2−1
2
]
.
(A.8)
The third and fourth terms in (A.8) are then given by
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
(1− q
λT
β,s′
2
1 )q
−s1
1 q
s′2−1
2 =
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
λT
β,s′
2∑
s′
1
=1
(1− q1)q−s1+s
′
1−1
1 q
s′2−1
2
= −
∑
s′∈λβ
(1− q−λ
T
α,1
1 )q
s′
1
−1
1 q
s′
2
−1
2 , (A.9a)
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
q−s11 (1− q−λα,s12 )qs
′
2
−1
2 =
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
λα,s1∑
s2=1
q−s11 (1− q−12 )q−s2+s
′
2
2
= −
∑
s∈λα
q−s11 (1− qλβ,12 )q−s22 . (A.9b)
Combining them together, (A.3) becomes
Ξ[λα, λβ] =
λTα,1∑
s1=1
λβ,1∑
s′2=1
[
q
λT
β,s′
2
−s1
1 q
−λα,s1+s
′
2−1
2 − q−s11 qs
′
2
−1
2
]
+
∑
s∈λα
q−s11 q
λβ,1−s2
2 +
∑
s′∈λβ
q
−λTα,1+s
′
1−1
1 q
s′
2
−1
2 .
(A.10)
We divide it into the negative and positive parts
Ξ[λα, λβ] = Ξq<0
2
[λα, λβ] + Ξq≥0
2
[λα, λβ] (A.11)
where Ξq<0
2
consists of monomials with negative powers of q2, while Ξq≥0
2
consists of positive
ones. Let us focus on Ξq<0
2
with (A.10).
• For λβ,1 > λα,s1 , the first term in (A.10) can contribute to the negative part Ξq<0
2
.
• For λβ,1 ≤ λα,s1, the first and third terms can contribute to Ξq<0
2
.
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In both cases, the negative part Ξq<0
2
is given by
Ξq<0
2
[λα, λβ] =
∑
s∈λα
q
λTβ,s2
−s1
1 q
−λα,s1+s2−1
2 =
∑
s∈λα
q
ℓβ(s)
1 q
−aα(s)−1
2 . (A.12)
We can similarly obtain the positive part Ξ
q≥0
2
by utilizing the formula (A.6),
Ξq≥0
2
[λα, λβ] =
∑
s∈λβ
q
−ℓα(s)−1
1 q
aβ(s)
2 . (A.13)
This proves the formula (A.4).
A.2. U(n+|n−) theory. For the supergroup theory, we consider the following contribution
to the Chern character
chHbf, inste:i→j,σσ′ = −µe(1− q−11 )(1− q−12 ) chKσ∨i chKσ
′
j + µe chN
σ∨
i chK
σ′
j + µeq
−1 chKσ∨i chN
σ′
j
=:
ni∑
α=1
nj∑
β=1
µe
νj,β
νi,α
Ξσσ′ [λ
σ
i,α, λ
σ′
j,β] (A.14)
where the diagonal factors are written using (A.3) as
Ξ++[λα, λβ] = Ξ[λα, λβ] , Ξ−−[λα, λβ] = Ξ[λβ , λα] . (A.15)
The vector multiplet contribution (3.87) is given by
chVinsti,σσ′ = −
ni∑
α=1
ni∑
β=1
νj,β
νi,α
Ξσσ′ [λ
σ
i,α, λ
σ′
i,β] . (A.16)
The off-diagonal factors are
Ξ+−[λα, λβ] = −(1− q−11 )(1− q−12 )
∑
s∈λα
∑
s′∈λβ
q
−s1−s′1+1
1 q
−s2−s′2+1
2 +
∑
s∈λα
q−s11 s
−s2
2 +
∑
s′∈λβ
q
−s′
1
1 s
−s′
2
2
(A.17a)
Ξ−+[λα, λβ] = −(1− q−11 )(1− q−12 )
∑
s∈λα
∑
s′∈λβ
q
s1+s′1−1
1 q
s2+s′2−1
2 +
∑
s∈λα
qs1−11 s
s2−1
2 +
∑
s′∈λβ
q
s′1−1
1 s
s′2−1
2
(A.17b)
We remark that these off-diagonal factors are symmetric under λα ↔ λβ,
Ξ+−[λα, λβ] = Ξ+−[λβ, λα] , Ξ−+[λα, λβ] = Ξ−+[λβ, λα] , (A.18)
and
q Ξ+−[λα, λβ]
∣∣∣
q1,q2
= Ξ−+[λα, λβ]
∣∣∣
q−1
1
,q−1
2
(A.19)
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We apply a similar computation to (A.17a) as discussed in Appendix A.1. The first term
in (A.17a) yields
− (1− q−11 )(1− q−12 )
∑
s∈λα
∑
s′∈λβ
q
−s1−s′1+1
1 q
−s2−s′2+1
2 = −
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
(1− q
−λT
β,s′
2
1 )q
−s1
1 (1− q−λα,s12 )q−s
′
2
2
= −
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
[
q
−λT
β,s′
2
−s1
1 q
−λα,s1−s
′
2
2 − q−s11 q−s
′
2
2 + (1− q
−λT
β,s′
2
1 )q
−s1
1 q
−s′
2
2 + q
−s1
1 (1− q−λα,s12 )q−s
′
2
2
]
.
(A.20)
The third and fourth terms in (A.20) are given by
−
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
(1− q
−λT
β,s′
2
1 )q
−s1
1 q
−s′2
2 = −
∑
s′∈λβ
(1− q−λ
T
α,1
1 )q
−s′1
1 q
−s′2
2 , (A.21a)
−
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
q−s11 (1− q−λα,s12 )q−s
′
2
2 = −
∑
s∈λα
q−s11 (1− q−λβ,12 )q−s22 . (A.21b)
Hence we obtain
Ξ+−[λα, λβ] = −
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
[
q
−λT
β,s′
2
−s1
1 q
−λα,s1−s
′
2
2 − q−s11 q−s
′
2
2
]
+
∑
s∈λα
q−s11 q
−λβ,1−s2
2 +
∑
s′∈λβ
q
−λTα,1−s
′
1
1 q
−s′
2
2 ,
(A.22)
and similarly
Ξ−+[λα, λβ] = −
λTα,1∑
s1=1
λβ,1∑
s′
2
=1
[
q
λT
β,s′
2
+s1−1
1 q
λα,s1+s
′
2
−1
2 − qs1−11 qs
′
2−1
2
]
+
∑
s∈λα
qs1−11 q
λβ,1+s2−1
2 +
∑
s′∈λβ
q
λTα,1+s
′
1
−1
1 q
s′2−1
2
(A.23)
In contrast to the diagonal part Ξ++(−−), further simplification does not occur for these
off-diagonal ones. The situation seems similar to the BCD instanton partition function,
involving φa + φb in the contour integral, as mentioned in [37]. See also [52]. The Jeffrey–
Kirwan residue operation is still applicable in such a case [66, 84].
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